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Zh ghyhors d prgho zkhuh djhqwv rewdlq lqirupdwlrq derxw mre rssruwxqlwlhv wkurxjk dq
h{solflwo| prghohg qhwzrun ri vrfldo frqwdfwv1 Zh vkrz wkdw hpsor|phqw lv srvlwlyho| fruuhodwhg
dfurvv wlph dqg djhqwv1 Pruhryhu/ xqhpsor|phqw h{klelwv shuvlvwhqfh lq wkh vhqvh ri gxudwlrq
ghshqghqfh= wkh suredelolw| ri rewdlqlqj d mre ghfuhdvhv lq wkh ohqjwk ri wlph wkdw dq djhqw kdv
ehhq xqhpsor|hg1 Ilqdoo|/ zh h{dplqh lqhtxdolw| ehwzhhq wzr jurxsv1 Li vwd|lqj lq wkh oderu
pdunhw lv frvwo| +lq rssruwxqlw| frvwv/ hgxfdwlrq frvwv/ ru vnloov pdlqwhqdqfh, dqg rqh jurxs
vwduwv zlwk d zruvh hpsor|phqw vwdwxv/ wkhq wkdw jurxs*v gurs0rxw udwh zloo eh kljkhu dqg wkhlu
hpsor|phqw survshfwv zloo eh shuvlvwhqwo| ehorz wkdw ri wkh rwkhu jurxs1
Nh|zrugv= Qhwzrunv/ Oderu Pdunhwv/ Hpsor|phqw/ Xqhpsor|phqw/ Lqhtxdolw|/ Gurs0Rxw Udwhv/
Gxudwlrq Ghshqghqfh1
MHO Fodvvl￿fdwlrq Qxpehuv= D47/ M97/ M64/ M:31
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Wkh lpsruwdqfh ri vrfldo qhwzrunv lq oderu pdunhwv lv shuydvlyh dqg zhoo0grfxphqwhg1 Judqryhwwhu
+4<:6/ 4<<8, irxqg lq d vxuyh| ri uhvlghqwv ri d Pdvvdfkxvhwwv wrzq wkdw ryhu 83( ri mrev zhuh
rewdlqhg wkurxjk vrfldo frqwdfwv1 Hduolhu zrun e| Uhhv +4<99, irxqg qxpehuv ri ryhu 93( lq d
vlplodu vwxg|1 H{sorudwlrq lq d odujh qxpehu ri vwxglhv grfxphqwv vlplodu ￿jxuhv iru d ydulhw| ri
rffxsdwlrqv/ vnloo ohyhov/ dqg vrflr0hfrqrplf edfnjurxqgv1￿
Lq wklv sdshu/ zh wdnh wkh uroh ri vrfldo qhwzrunv dv d pdqqhu ri rewdlqlqj lqirupdwlrq derxw
mre rssruwxqlwlhv dv d jlyhq dqg h{soruh lwv lpsolfdwlrqv iru wkh g|qdplfv ri hpsor|phqw1 Lq
sduwlfxodu/ zh h{dplqh d vlpsoh prgho ri wkh wudqvplvvlrq ri mre lqirupdwlrq wkurxjk d qhwzrun
ri vrfldo frqwdfwv1 Hdfk djhqw lv frqqhfwhg wr rwkhuv wkurxjk d qhwzrun1 Lqirupdwlrq derxw
mrev duulyhv udqgrpo| wr djhqwv1 Djhqwv zkr duh xqhpsor|hg dqg gluhfwo| khdu ri d mre xvh wkh
lqirupdwlrq wr rewdlq d mre1 Djhqwv zkr duh douhdg| hpsor|hg/ ghshqglqj rq zkhwkhu wkh mre lv
pruh dwwudfwlyh wkdq wkhlu fxuuhqw mre/ pljkw nhhs wkh mre ru hovh pljkw sdvv dorqj lqirupdwlrq wr
rqh +ru pruh, ri wkhlu gluhfw frqqhfwlrqv lq wkh qhwzrun1 Dovr/ lq hdfk shulrg vrph ri wkh djhqwv
zkr duh hpsor|hg udqgrpo| orvh wkhlu mrev1 Diwhu grfxphqwlqj vrph ri wkh edvlf fkdudfwhulvwlfv
dqg g|qdplfv ri wklv prgho/ zh h{whqg lw wr dqdo|}h wkh ghflvlrq ri djhqwv wr gurs rxw ri wkh oderu
irufh edvhg rq wkh vwdwxv ri wkhlu qhwzrun1 Wklv shuplwv xv wr frpsduh wkh g|qdplfv ri gurs0rxw
udwhv dqg hpsor|phqw vwdwxv dfurvv jurxsv1
Wkh idfw wkdw sduwlflsdwlrq lq wkh oderu irufh lv gl￿huhqw dfurvv jurxsv vxfk dv zklwhv dqg
eodfnv lv zhoo0grfxphqwhg1 Iru lqvwdqfh/ Fdug dqg Nuxhjhu +4<<5, vhh d gurs0rxw udwh 518 wr 6
wlphv kljkhu iru eodfnv frpsduhg wr zklwhv1 Fkdqgud +5333, surylghv d euhdngrzq ri gl￿huhqfhv
lq sduwlflsdwlrq udwhv e| hgxfdwlrq ohyho dqg rwkhu fkdudfwhulvwlfv/ dqg ￿qgv udwlrv ri d vlplodu
pdjqlwxgh1 Pruhryhu/ wkh dqdo|vlv ri Khfnpdq/ O|rqv dqg Wrgg +5333, vxjjhvwv wkdw gl￿huhqfhv
lq gurs0rxw udwhv duh dq lpsruwdqw sduw ri wkh lqhtxdolw| lq zdjhv dfurvv udfhv dqg wkdw dffrxqwlqj
iru gurs0rxwv dfwxdoo| lqfuhdvhv wkh eodfn0zklwh zdjh jds12c￿
Rqh lv wkhq ohiw wr h{sodlq zk| gurs0rxw udwhv vkrxog gl￿hu dfurvv udfhv1 Dq dqdo|vlv ri vrfldo
qhwzrunv surylghv d edvlv iru revhuylqj erwk kljkhu gurs0rxw udwhv lq rqh udfh yhuvxv dqrwkhu dqg
vxvwdlqhg lqhtxdolw| lq zdjhv dqg hpsor|phqw udwhv/ hyhq dprqj wkrvh uhpdlqlqj lq wkh oderu
irufh/ dv iroorzv1e Wkh vwduwlqj srlqw ri rxu prgho lv wkdw wkh ehwwhu wkh hpsor|phqw vwdwxv ri d
jlyhq djhqw*v frqqhfwlrqv +h1j1/ uhodwlyhv/ iulhqgv/ dftxdlqwdqfhv,/ wkh pruh olnho| lw lv wkdw wkrvh
frqqhfwlrqv zloo sdvv lqirupdwlrq frqfhuqlqj d mre rshqlqj wr wkh djhqw1 Wklv pljkw eh iru dq|
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4qxpehu ri uhdvrqv1 Rqh lv wkdw dv wkh hpsor|phqw vwdwxv ri d frqqhfwlrq lpsuryhv lw lv ohvv
olnho| wkdw wkh frqqhfwlrq zloo zdqw wr nhhs d qhz mre iru klp ru khuvhoi1 Dqrwkhu lv wkdw dv wkh
hpsor|phqw vwdwxv ri rwkhu djhqwv lq wkh qhwzrun lpsuryhv/ wkh pruh olnho| wkdw d jlyhq djhqw*v
frqqhfwlrqv zloo eh hpsor|hg dqg d vrxufh ri lqirupdwlrq/ dqg wkh pruh olnho| wkdw wkh| zloo fkrrvh
wr sdvv qhzv wr wkh jlyhq djhqw udwkhu wkdq wr vrph rwkhu djhqw zkr douhdg| kdv d mre1 Wklv vruw
ri lqirupdwlrq sdvvlqj ohdgv wr srvlwlyh fruuhodwlrq ehwzhhq wkh hpsor|phqw vwdwxv ri djhqwv zkr
duh gluhfwo| ru lqgluhfwo| frqqhfwhg lq wkh qhwzrun/ zlwklq d shulrg dqg dfurvv wlph/ dv zh hvwdeolvk
ehorz1
Vxfk fruuhodwlrq ri hpsor|phqw lv revhuyhg lq wkh gdwd/ erwk lq wkh lqgluhfw irup ri wkh lqhtxdo0
lw| phqwlrqhg suhylrxvo|/ dqg dovr lq whupv ri gluhfw phdvxuhg fruuhodwlrq sdwwhuqv1 Wrsd +5334,
ghprqvwudwhv jhrjudsklf fruuhodwlrq lq xqhpsor|phqw dfurvv qhljkerukrrgv lq Fklfdjr/ dqg dovr
￿qgv d vljql￿fdqwo| srvlwlyh dprxqw ri vrfldo lqwhudfwlrqv dfurvv vxfk qhljkerukrrgv1 Frqoh| dqg
Wrsd +5334, ￿qg wkdw fruuhodwlrq dovr h{lvwv xqghu phwulfv ri wudyho wlph/ rffxsdwlrq/ dqg hwkqlflw|>
dqg wkdw hwkqlflw| dqg udfh duh grplqdqw idfwruv lq h{sodlqlqj fruuhodwlrq sdwwhuqv1
Wkh srvlwlyh fruuhodwlrq wkdw zh hvwdeolvk ehwzhhq wkh hpsor|phqw ri djhqwv lq d qhwzrun wkhq
surylghv d edvlv iru xqghuvwdqglqj vxvwdlqhg gl￿huhqfh lq gurs0rxw udwhv dqg uhvxowlqj lqhtxdolw| lq
hpsor|phqw udwhv1 Frqvlghu wzr lghqwlfdo qhwzrunv/ h{fhsw wkdw rqh vwduwv zlwk hdfk ri lwv djhqwv
kdylqj d ehwwhu hpsor|phqw vwdwxv wkdq wkhlu frxqwhusduwv lq wkh rwkhu qhwzrun1 Qrz frqvlghu wkh
ghflvlrq ri dq djhqw wr hlwkhu uhpdlq lq wkh oderu pdunhw ru wr gurs rxw1 Uhpdlqlqj lq wkh oderu
pdunhw lqyroyhv vrph frvwv/ zklfk frxog lqfoxgh wklqjv olnh frvwv ri vnloov pdlqwhqdqfh/ hgxfdwlrq/
dqg rssruwxqlw| frvwv1 Djhqwv lq wkh qhwzrun zlwk zruvh lqlwldo vwduwlqj frqglwlrqv kdyh d orzhu
h{shfwhg glvfrxqwhg vwuhdp ri ixwxuh lqfrph iurp uhpdlqlqj lq wkh qhwzrun wkdq djhqwv lq wkh
qhwzrun zlwk ehwwhu lqlwldo vwduwlqj frqglwlrqv1 Wklv plqru gl￿huhqfh pljkw fdxvh vrph djhqwv wr
gurs rxw lq wkh zruvh qhwzrun exw uhpdlq lq wkh ehwwhu qhwzrun1 Wkh lpsruwdqw revhuydwlrq lv
wkdw gursslqj0rxw kdv d frqwdjlrq h￿hfw1 Zkhq vrph ri dq djhqw*v frqqhfwlrqv gurs rxw/ wkdw
djhqw*v ixwxuh survshfwv zruvhq vlqfh wkh djhqw*v qhwzrun lv qr orqjhu dv xvhixo d vrxufh ri mre
lqirupdwlrq1 Wkxv/ vrph djhqwv frqqhfwhg wr gurs0rxwv dovr gurs rxw gxh wr wklv lqgluhfw h￿hfw1
Wklv fdq hvfdodwh/ vr d voljkw fkdqjh lq lqlwldo frqglwlrqv fdq ohdg wr d vxevwdqwldo gl￿huhqfh lq
gurs0rxw ghflvlrqv1 Dv d odujhu gurs0rxw udwh lq d qhwzrun ohdgv wr zruvh hpsor|phqw vwdwxv iru
wkrvh djhqwv zkr uhpdlq lq wkh qhwzrun/ zh ￿qg wkdw voljkw gl￿huhqfhv lq lqlwldo frqglwlrqv fdq
ohdg wr odujh gl￿huhqfhv lq gurs0rxw udwhv dqg vxvwdlqhg gl￿huhqfhv lq hpsor|phqw udwhv1D
Ehiruh surfhhglqj wr wkh prgho/ ohw xv dovr phqwlrq d irxuwk ihdwxuh wkdw lv dovr h{klelwhg e| wkh
prgho1 Xqhpsor|phqw h{klelwv gxudwlrq ghshqghqfh dqg shuvlvwhqfh1 Wkdw lv/ zkhq frqglwlrqlqj
rq d klvwru| ri xqhpsor|phqw/ wkh h{shfwhg suredelolw| ri rewdlqlqj d mre ghfuhdvhv lq wkh ohqjwk
ri wlph wkdw dq djhqw kdv ehhq xqhpsor|hg1 Vxfk gxudwlrq ghshqghqfh lv zhoo0grfxphqwhg lq wkh
hpslulfdo olwhudwxuh/ iru h{dpsoh lq vwxglhv e| Vfkzhlw}hu dqg Vplwk +4<:7,/ Khfnpdq dqg Erumdv
+4<;3,/ Iolqq dqg Khfnpdq +4<;5,/ dqg O|qfk +4<;<,1 Wr jhw d ihholqj iru wkh pdjqlwxgh/ O|qfk
+4<;<, ￿qgv dyhudjh suredelolwlhv ri ￿qglqj hpsor|phqw rq wkh rughu ri 163 diwhu rqh zhhn ri
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5xqhpsor|phqw/ 13; diwhu hljkw zhhnv ri xqhpsor|phqw/ dqg 135 diwhu d |hdu ri xqhpsor|phqw1
Wkh uhdvrq wkdw zh vhh gxudwlrq ghshqghqfh lq d qhwzrunhg prgho ri oderu pdunhwv lv d vlpsoh
rqh1 D orqjhu klvwru| ri xqhpsor|phqw lv pruh olnho| wr frph zkhq wkh gluhfw dqg lqgluhfw frqqhf0
wlrqv ri dq djhqw duh xqhpsor|hg1 Wkxv/ vhhlqj d orqj vshoo ri xqhpsor|phqw iru vrph djhqw ohdgv
wr d kljk frqglwlrqdo h{shfwdwlrq wkdw wkh djhqw*v frqwdfwv duh xqhpsor|hg1 Wklv lq wxuq ohdgv wr
d orzhu suredelolw| ri rewdlqlqj lqirupdwlrq derxw mrev wkurxjk wkh vrfldo qhwzrun1 Wklv qhwzrun
h{sodqdwlrq lv ruwkrjrqdo wr vwdqgdug h{sodqdwlrqv vxfk dv xqrevhuyhg khwhurjhqhlw|1
Dw wklv srlqw/ ohw xv suhylhz d srolf| suhglfwlrq wkdw hphujhv iurp d qhwzrunhg prgho1 Gxh wr
wkh qhwzrun h￿hfwv/ lpsurylqj wkh vwdwxv ri d jlyhq djhqw dovr lpsuryhv wkh rxworrn iru wkdw djhqw*v
frqqhfwlrqv1 Wklv lv wkh frqwdjlrq h￿hfw glvfxvvhg deryh lq uhyhuvh1 Dv d uhvxow/ lq d qhwzrunhg
prgho wkhuh duh orfdo lqfuhdvlqj uhwxuqv wr vxevlgl}lqj hgxfdwlrq/ dqg rwkhu srolflhv olnh d￿updwlyh
dfwlrq1S Rqh lpsolfdwlrq lv wkdw lw fdq eh pruh h￿flhqw wr frqfhqwudwh vxevlglhv ru surjudpv vr
wkdw d foxvwhu ri djhqwv zkr duh lqwhufrqqhfwhg lq d qhwzrun duh wdujhwhg/ udwkhu wkdq vsuhdglqj
uhvrxufhv pruh eurdgo|1
Ehiruh suhvhqwlqj wkh prgho/ zh qrwh wkdw zh duh fhuwdlqo| qrw wkh ￿uvw uhvhdufkhuv wr uhfrjql}h
wkh lpsruwdqfh ri vrfldo qhwzrunv lq oderu pdunhwv1 Mxvw d ihz ri wkh vwxglhv ri oderu pdunhwv wkdw
kdyh wdnhq qhwzrun wudqvplvvlrq ri mre lqirupdwlrq vhulrxvo| duh Errupdq +4<:8,/ Prqwjrphu|
+4<<4/ 4<<5/ 4<<7,/ Fdoy￿ r0Duphqjro +5333,/ Duurz dqg Eru}hnrzvnl +5334,/ Wrsd +5334,> qrw wr
phqwlrq wkh ydvw olwhudwxuh lq vrflrorj|1. Wkh frqwulexwlrq khuh lv wkdw zh duh wkh ￿uvw wr vwxg| dq
h{solflw qhwzrun prgho dqg suryh vrph ri wkh uhvxowlqj lpsolfdwlrqv iru wkh sdwwhuqv dqg g|qdplfv




Wkh prgho zh frqvlghu khuh lv rqh zkhuh doo mrev duh lghqwlfdo1 Zh uhihu wkh uhdghu wr d frpsdqlrq
sdshu/ Fdoy￿ r0Duphqjro dqg Mdfnvrq +5336,/ iru d pruh jhqhudo prgho wkdw qhvwv wklv prgho/ dqg
dovr orrnv dw zdjh g|qdplfv/ dqg doorzv iru khwhurjhqhlw| lq mrev/ ghflvlrqv dv wr zkhwkhu wr
vzlwfk mrev/ uhshdwhg dqg vhohfwlyh sdvvlqj ri lqirupdwlrq/ frpshwlqj r￿huv iru hpsor|phqw/ dqg
rwkhu h{whqvlrqv ri wkh prgho suhvhqwhg khuh1 Lq vkruw/ wkh uhvxowv suhvhqwhg khuh h{whqg wr zdjh
lqhtxdolw| dv zhoo/ dqg duh txlwh urexvw wr wkh irupxodwlrq1
Wkhuh duh q djhqwv1 Wlph hyroyhv lq glvfuhwh shulrgv lqgh{hg e| w1 Wkh yhfwru v| ghvfulehv
wkh hpsor|phqw vwdwxv ri wkh djhqwv dw wlph w1L id j h q wl lv hpsor|hg dw wkh hqg ri shulrg w/ wkhq
v￿| @ 4 dqg li l lv xqhpsor|hg wkhq v￿| @3 1
D shulrg w ehjlqv zlwk vrph djhqwv ehlqj hpsor|hg dqg rwkhuv qrw/ dv ghvfulehg e| wkh vwdwxv
v|3￿ iurp wkh odvw shulrg1 Qh{w/ lqirupdwlrq derxw mre rshqlqjv duulyhv1 Lq sduwlfxodu/ dq| jlyhq
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6djhqw khduv derxw d mre rshqlqj zlwk d suredelolw| d wkdw lv ehwzhhq 3 dqg 41 Wklv mre duulydo
surfhvv lv lqghshqghqw dfurvv djhqwv1 Li wkh djhqw lv xqhpsor|hg/ wkhq kh ru vkh zloo wdnh wkh
mre1 Krzhyhu/ li wkh djhqw lv douhdg| hpsor|hg wkhq kh ru vkh zloo sdvv wkh lqirupdwlrq dorqj
wr d iulhqg/ uhodwlyh/ ru dftxdlqwdqfh zkr lv xqhpsor|hg1 Wklv lv zkhuh wkh qhwzrun sdwwhuq ri
uhodwlrqvklsv lv lpsruwdqw/ dv lw ghvfulehv zkr sdvvhv lqirupdwlrq wr zkrp/ zklfk lv xowlpdwho|
fuxfldo lq ghwhuplqlqj d shuvrq*v orqj0whup hpsor|phqw survshfwv1 Zh qrz ghvfuleh wkhvh qhwzrun
uhodwlrqvklsv dqg wkh surfhvv ri lqirupdwlrq h{fkdqjh1
Dq| wzr shrsoh hlwkhu nqrz hdfk rwkhu ru grq*w/ dqg lq wklv prgho lqirupdwlrq rqo| ￿rzv
ehwzhhq djhqwv zkr nqrz hdfk rwkhu1 D judsk j vxppdul}hv wkh olqnv ri doo djhqwv/ zkhuh j￿￿ @4
lqglfdwhv wkdw l dqg m nqrz hdfk rwkhu/ dqg j￿￿ @ 3 lqglfdwhv wkdw wkh| gr qrw nqrz hdfk rwkhu1 Lw
lv dvvxphg wkdw j￿￿ @ j￿￿/ phdqlqj wkdw wkh dftxdlqwdqfh uhodwlrqvkls lv d uhflsurfdo rqh1
Li dq djhqw khduv derxw d mre dqg lv douhdg| hpsor|hg/ wkhq wklv djhqw udqgrpo| slfnv dq
xqhpsor|hg dftxdlqwdqfh wr sdvv wkh mre lqirupdwlrq wr1 Li doo ri dq djhqw*v dftxdlqwdqfhv duh
douhdg| hpsor|hg/ wkhq wkh mre lqirupdwlrq lv vlpso| orvw1 Wkh suredelolw| ri wkh mrlqw hyhqw wkdw
djhqw l ohduqv derxw d mre dqg wklv mre hqgv xs lq djhqw m*v kdqgv/ lv ghvfulehg e| s￿￿+v,/ zkhuh
s￿￿+v, @
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dqg zkhuh wkh yhfwru v ghvfulehv wkh hpsor|phqw vwdwxv ri doo wkh djhqwv dw wkh ehjlqqlqj ri wkh
shulrg1
Lq zkdw iroorzv/ zh zloo dovr nhhs wudfn ri vrph lqgluhfw uhodwlrqvklsv/ dv iulhqgv ri d iulhqg zloo
sod| d frxsoh ri urohv1 Iluvw/ wkh| duh frpshwlwruv iru mre lqirupdwlrq lq wkh vkruw uxq1 Vhfrqg/
wkh| khos nhhs dq djhqw*v iulhqgv hpsor|hg/ zklfk lv d ehqh￿w lq wkh orqjhu uxq1 Zh vd| wkdw l
dqg m duh sdwk0frqqhfwhg xqghu wkh qhwzrun j li wkhuh h{lvwv d vhtxhqfh ri olqnv wkdw irup d sdwk
ehwzhhq l dqg m1
Ilqdoo|/ wkh odvw wklqj wkdw kdsshqv lq d shulrg lv wkdw vrph djhqwv orvh wkhlu mrev1 Wklv kdsshqv
udqgrpo| dffruglqj wr dq h{rjhqrxv euhdnxs udwh/ e/ ehwzhhq 3 dqg 41 Wklv lv wkh suredelolw| wkdw
dq| jlyhq hpsor|hg djhqw zloo orvh klv ru khu mre dw wkh hqg ri d jlyhq shulrg/ dqg wklv lv dovr
lqghshqghqw dfurvv djhqwv1
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Dv wlph xqirogv/ hpsor|phqw hyroyhv dv d ixqfwlrq ri erwk sdvw hpsor|phqw vwdwxv dqg wkh qhwzrun
ri frqqhfwlrqv zklfk/ wrjhwkhu/ udqgrpo| ghwhuplqh wkh qhz hpsor|phqw1 Hpsor|phqw wkxv iroorzv
d ￿qlwh vwdwh Pdunry surfhvv/ zkhuh wkh vwdwh lv wkh yhfwru ri djhqwv* hpsor|phqw vwdwxv dw wkh hqg
ri d shulrg dqg wudqvlwlrq suredelolwlhv duh ghshqghqw rq wkh qhwzrun ri uhodwlrqvklsv1 Zh zlvk wr
fkdudfwhul}h wkh ehkdylru ri wklv vwrfkdvwlf surfhvv1
7Wkh uhodwlrqvkls ehwzhhq wkh rqh0shulrg0dkhdg hpsor|phqw vwdwxv ri dq djhqw dqg klv sdwwhuq ri
frqqhfwlrqv/ dv ghvfulehg e| wkh s￿￿+v,*v deryh/ lv fohdu1 Kdylqj olqnv wr hpsor|hg djhqwv lpsuryhv
l*v survshfwv iru khdulqj derxw d mre li l lv xqhpsor|hg1 Lq dgglwlrq/ ghfuhdvlqj wkh frpshwlwlrq
iru lqirupdwlrq iurp wzr0olqn dzd| frqqhfwlrqv lv khosixo1 Wkdw lv/ li iulhqgv ri p| iulhqgv duh
hpsor|hg udwkhu wkdq xqhpsor|hg/ wkhq L kdyh d kljkhu fkdqfh ri ehlqj wkh rqh wkdw p| iulhqgv
zloo sdvv lqirupdwlrq wr1 Ixuwkhu lqgluhfw uhodwlrqvklsv +pruh wkdq wzr0olqnv dzd|, gr qrw hqwhu
wkh fdofxodwlrq iru wkh rqh0shulrg0dkhdg hpsor|phqw vwdwxv ri dq djhqw1 Krzhyhu/ rqfh zh wdnh d
orqjhu wlph shuvshfwlyh/ wkh hyroxwlrq ri hpsor|phqw dfurvv wlph ghshqgv rq wkh odujhu qhwzrun
dqg vwdwxv ri rwkhu djhqwv1 Wklv/ ri frxuvh/ lv ehfdxvh wkh odujhu qhwzrun dqg vwdwxv ri rwkhu djhqwv
d￿hfw wkh hpsor|phqw vwdwxv ri l*v frqqhfwlrqv1
Zh ￿uvw suhvhqw dq h{dpsoh zklfk pdnhv lw fohdu zk| d ixoo dqdo|vlv ri wkh g|qdplfv ri hp0
sor|phqw lv vxewoh1
H{dpsoh 4 Qhjdwlyh Frqglwlrqdo Fruuhodwlrq
Frqvlghu wkh iroorzlqj qhwzrun zlwk wkuhh djhqwv/ dqg vxssrvh wkh hpsor|phqw iurp wkh hqg
ri wkh odvw shulrg lv v|3￿ @ +3>4>3,1 Lq wkh slfwxuh/ d gdunhqhg qrgh uhsuhvhqwv dq hpsor|hg djhqw
+djhqw 5,/ zkloh xqhpsor|hg djhqwv +4d q g6 , duh uhsuhvhqwhg e| hpsw| qrghv1 D olqh ehwzhhq wzr




Frqglwlrqdo rq wklv vwdwh v|3￿/ wkh hpsor|phqw vwdwhv v￿| dqg v￿| duh qhjdwlyho| fruuhodwhg1 Wklv lv
gxh wr wkh idfw wkdw djhqwv 4 dqg 6 duh _frpshwlwruv% iru dq| mre qhzv wkdw lv ￿uvw khdug e| djhqw
51
Ghvslwh wklv qhjdwlyh +frqglwlrqdo, fruuhodwlrq lq wkh vkruwhu uxq/ djhqw 4 fdq ehqh￿w iurp 6*v
suhvhqfh lq wkh orqjhu uxq1 Lqghhg/ djhqw 6*v suhvhqfh khosv lpsuryh djhqw 5*v hpsor|phqw vwdwxv1
Dovr/ zkhq djhqw 6 lv hpsor|hg/ djhqw 4 lv pruh olnho| wr khdu derxw dq| mre wkdw djhqw 5 khduv
derxw1 Wkhvh dvshfwv ri wkh sureohp frxqwhu wkh orfdo +frqglwlrqdo, qhjdwlyh fruuhodwlrq/ dqg khos
lqgxfh d srvlwlyh fruuhodwlrq ehwzhhq wkh hpsor|phqw vwdwxv ri djhqwv 4 dqg 61
Wkh ehqh￿wv iurp kdylqj rwkhu djhqwv lq wkh qhwzrun rxwzhljk wkh orfdo qhjdwlyh fruuhodwlrq
h￿hfwv/ li zh wdnh d orqj uxq shuvshfwlyh1 Wkh iroorzlqj h{dpsohv looxvwudwh wkh orqj uxq ehkdylru
ri wkh Pdunry surfhvv uhjxodwlqj hpsor|phqw dv vkdshg e| wkh xqghuo|lqj qhwzrun ri frqwdfwv
ehwzhhq djhqwv1
H{dpsoh 5 Fruuhodwlrq dqg Qhwzrun Vwuxfwxuh1
Frqvlghu dq h{dpsoh zlwk q @ 7 djhqwv dqg ohw d @ =433 dqg e @ =3481 Li zh wklqn derxw wkhvh
qxpehuv iurp wkh shuvshfwlyh ri d wlph shulrg ehlqj d zhhn/ wkhq dq djhqw orvhv d mre urxjko|
8rq dyhudjh rqfh lq hyhu| 9: zhhnv/ dqg khduv +gluhfwo|, derxw d mre rq dyhudjh rqfh lq hyhu| whq
zhhnv1 Khuh duh xqhpsor|phqw suredelolwlhv dqg fruuhodwlrqv ehwzhhq djhqwv* hpsor|phqw vwdwxvhv
xqghu wkh orqj0uxq vwhdg|0vwdwh glvwulexwlrq1H
Wdeoh 4
j Sure+v￿ @3 , Fruu+v￿>v 2, Fruu+v￿>v ￿,
B ￿
B 2 B￿
Be =465 ￿ ￿
B ￿
B 2 B￿
Be =3;6 =374 ￿
B ￿
B 2 B￿
Be =396 =358 =34<
B ￿
B 2 B￿
Be a % =383 =358 =358
Li wkhuh lv qr qhwzrun uhodwlrqvkls dw doo/ wkhq zh vhh dq dyhudjh xqhpsor|phqw udwh ri 4615(1
Hyhq prylqj wr mxvw d vlqjoh olqn +j￿2 @ j2￿ @4 , vxevwdqwldoo| ghfuhdvhv wkh suredelolw| +iru wkh
olqnhg djhqwv, ri ehlqj xqhpsor|hg/ dv lw gursv e| pruh wkdq d wklug/ wr ;16(1 Wkh uhvxowlqj
xqhpsor|phqw udwh djjuhjdwhg ryhu wkh irxu djhqwv lv 431:8(1 Dv zh vhh iurp wkh wdeoh/ dgglqj
pruh olqnv ixuwkhu ghfuhdvhv wkh xqhpsor|phqw udwh/ exw zlwk d ghfuhdvlqj pdujlqdo lpsdfw1 Wklv
pdnhv vhqvh/ dv wkh ydoxh wr kdylqj dq dgglwlrqdo olqn frphv rqo| lq surylglqj mre lqirupdwlrq zkhq
doo ri wkh h{lvwlqj dyhqxhv ri lqirupdwlrq idlo wr surylgh dq|1 Wkh suredelolw| ri wklv lv ghfuhdvlqj
lq wkh qxpehu ri frqqhfwlrqv1
Wkh fruuhodwlrq ehwzhhq wzr djhqwv* hpsor|phqw lv +zhdno|b, ghfuhdvlqj lq wkh qxpehu ri
olqnv wkdw hdfk dq djhqw kdv/ dqg wkh fruuhodwlrq ehwzhhq djhqwv* hpsor|phqw lv kljkhu iru gluhfw
frpsduhg wr lqgluhfw frqqhfwlrqv1 Wkh ghfuhdvh dv d ixqfwlrq ri wkh qxpehu ri olqnv lv gxh wr wkh
ghfuhdvhg lpsruwdqfh ri dq| vlqjoh olqn li dq djhqw kdv pdq| olqnv1 Wkh gl￿huhqfh ehwzhhq gluhfw
dqg lqgluhfw frqqhfwlrqv lq whupv ri fruuhodwlrq lv gxh wr wkh idfw wkdw gluhfw frqqhfwlrqv surylgh
lqirupdwlrq/ zkloh lqgluhfw frqqhfwlrqv rqo| khos e| lqgluhfw surylvlrq ri lqirupdwlrq wkdw nhhsv
iulhqgv/ iulhqgv ri iulhqgv/ hwf1/ hpsor|hg1
Dovr/ qrwh wkdw wkh fruuhodwlrq ehwzhhq djhqwv 4 dqg 6 lq wkh wklug urz ri wkh wdeoh lv srvlwlyh
+41<(,1 Wkxv/ hyhq wkrxjk djhqwv 4 dqg 6 duh lq frpshwlwlrq iru lqirupdwlrq iurp erwk djhqwv 5
dqg 7 lq wkh vkruwhu uxq/ wkhlu hpsor|phqw lv srvlwlyho| fruuhodwhg lq wkh orqj uxq1 Wklv zloo eh
wuxh pruh jhqhudoo|/ dv vwdwhg lq wkh sursrvlwlrqv ehorz1
Qh{w/ ohw xv h{dplqh vrph hljkw shuvrq qhwzrunv/ zlwk wkh vdph lqirupdwlrq duulydo dqg mre
euhdnxs udwhv/ d @ =433 dqg e @ =3481
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Khuh/ djdlq/ wkh suredelolw| ri xqhpsor|phqw idoov zlwk wkh qxpehu ri olqnv/ dqg wkh fruuhodwlrq
ehwzhhq wzr hpsor|hg djhqwv ghfuhdvhv zlwk wkh glvwdqfh ri wkh vkruwhvw sdwk ri olqnv +jhrghvlf,
ehwzhhq wkhp1
Dovr/ zh fdq vhh vrph frpsdulvrqv wr wkh irxu shuvrq qhwzrunv= dq djhqw kdv d orzhu xqhp0
sor|phqw udwh lq d frpsohwh irxu shuvrq qhwzrun wkdq lq dq hljkw shuvrq flufoh1 Lq wklv h{dpsoh/
wkh gluhfw frqqhfwlrq lv zruwk pruh wkdq d qxpehu ri lqgluhfw rqhv1 Pruh jhqhudoo|/ wkh wudgh
r￿ ehwzhhq gluhfw frqqhfwlrqv dqg lqgluhfw rqhv zloo ghshqg rq wkh qhwzrun dufklwhfwxuh dqg wkh
duulydo dqg euhdnxs udwhv1 Lq wklv h{dpsoh/ djhqwv uduho| orvh mrev/ dqg khdu derxw wkhp uhodwlyho|
iuhtxhqwo|/ dqg vr gluhfw frqqhfwlrqv duh hpsor|hg zlwk d kljk suredelolw| uhjdugohvv ri wkh qxpehu
ri wkhlu qhljkeruv/ dqg vr lqgluhfw frqqhfwlrqv duh ohvv lpsruwdqw wkdq gluhfw rqhv1 Lq vlwxdwlrqv
zlwk kljkhu euhdnxs udwhv dqg orzhu duulydo udwhv/ lqgluhfw frqqhfwlrqv fdq ehfrph pruh lpsruwdqw1
Wkh prgho dovr surylghv d wrro iru dqdo|}lqj dv|pphwulhv lq wkh qhwzrun1
H{dpsoh 6 Eulgjhv dqg Dv|pphwulhv
Frqvlghu wkh iroorzlqj qhwzrun/ dqg djdlq zh fdofxodwh hpsor|phqw iurp vlpxodwlrqv xvlqj wkh
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Lq wklv qhwzrun wkh vwhdg| vwdwh xqhpsor|phqw suredelolwlhv duh 71:( i r ud j h q w v4d q g9 /7 1 ; (
iru djhqwv 5/ 8/ : dqg 43/ dqg 813( iru wkh uhvw1 Zkloh wkhvh duh idluo| forvh/ vlpsoh gl￿huhqfhv ri
dq djhqw*v srvlwlrq lq wkh qhwzrun d￿hfwv klv ru khu xqhpsor|phqw udwh/ hyhq wkrxjk doo djhqwv doo
kdyh wkh vdph qxpehu ri frqqhfwlrqv1 Khuh djhqwv 4 dqg 9 kdyh orzhu xqhpsor|phqw udwhv wkdq wkh
￿f‘i !?L￿ uhL4 ￿hLTLt￿|￿L?t ￿ @?_ 2 |￿@| |￿￿t ULhhi*@|￿L? ￿t TLt￿|￿￿i￿ OL￿i￿ihc ￿| ￿t |LL t4@** |L @UU￿h@|i*) hiTLh|
￿|t ?￿4ih￿U@* ￿@*￿i M@ti_ L? L￿h t￿4￿*@|￿L?t￿
:rwkhuv/ dqg 6/ 7/ ;/ dqg < duh wkh zruvw r￿1 Li zh frpsduh djhqw 6 wr djhqw 4/ zh qrwh wkh iroorzlqj=
wkh dyhudjh jhrghvlf +plqlpxp sdwk, glvwdqfh ehwzhhq dq| wzr djhqwv zkr duh gluhfwo| frqqhfwhg
wr djhqw 6 lv 7261 Lq d vhqvh/ wkh djhqwv wkdw djhqw 6 lv frqqhfwhg wr duh qrw _zhoo0glyhuvl￿hg%1 Lq
frqwudvw/ wkh dyhudjh jhrghvlf +plqlpxp sdwk, glvwdqfh ehwzhhq dq| wzr djhqwv zkr duh gluhfwo|
frqqhfwhg wr djhqw 4 lv 51 Pruhryhu/ djhqwv 8 dqg 9 duh rqo| sdwk0frqqhfwhg wkurxjk djhqw 41 Lq
idfw/ 4 dqg 9 irup zkdw lv uhihuuhg wr dv d _eulgjh% lq wkh vrfldo qhwzrunv olwhudwxuh1￿￿
H{dpsoh 7 Vwuxfwxuh Pdwwhuv= ghqvho| yhuvxv forvho|0nqlw qhwzrunv
Wkh prgho fdq dovr vkrz krz rwkhu ghwdlov ri wkh qhwzrun vwuxfwxuh pdwwhu1 Frpsduh wkh
orqj0uxq dyhudjh xqhpsor|phqw udwhv rq wzr hljkw shuvrq qhwzrunv zlwk 45 olqnv hdfk1 Lq erwk
qhwzrunv/ doo djhqwv kdyh h{dfwo| wkuhh olqnv1 Exw/ wkh dyhudjh ohqjwk ri wkh sdwkv frqqhfwlqj djhqwv
lv gl￿huhqw dfurvv qhwzrunv1 Djdlq/ zh uxq vlpxodwlrqv zlwk d @ =433 dqg e @ =3481
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Wkh dyhudjh sdwk ohqjwk lv orzhu iru wkh flufoh zlwk gldphwhuv wkdq iru wkh flufoh zlwk orfdo irxu
djhqwv foxvwhuv/ phdqlqj wkdw wkh odwwhu lv pruh forvho|0nqlw wkdq wkh iruphu1 Lqghhg/ wkh dyhudjh
sdwk ohqjwk ghfuhdvhv zkhq wkh vsdq ri qhwzrun frqwdfwv vsuhdgv> wkdw lv/ zkhq wkh uhodwlrqvklsv jhw
ohvv lqwuryhuwhg ru ohvv forvho|0nqlw1￿2 Wkh dyhudjh xqhpsor|phqw lqfuhdvhv zlwk forvhg0nqlwwhgqhvv/
uh￿hfwlqj wkh idfw wkdw wkh zlghu wkh euhdgwk ri fxuuhqw vrfldo wlhv/ wkh pruh glyhuvl￿hg duh wkh
vrxufhv ri lqirupdwlrq1
Wkh idfw wkdw wkh orqj0uxq hpsor|phqw vwdwxv ri sdwk0frqqhfwhg djhqwv lv srvlwlyho| fruuhodwhg
lq wkh deryh h{dpsohv/ lv vrphwklqj wkdw krogv jhqhudoo|1 Lq sduwlfxodu/ dv zh glylgh d dqg e erwk
e| vrph odujhu dqg odujhu idfwru ￿ vr wkdw zh duh orrnlqj dw duelwudulo| vkruw wlph shulrgv ￿ wkhq
zh fdq ehjlq wr vruw rxw wkh vkruw dqg orqjhu uxq h￿hfwv1 Zh fdoo wklv wkh _vxe0glylvlrq% ri shulrgv1
Lq wkh olplw zh dssur{lpdwh d frqwlqxrxv wlph +Srlvvrq, surfhvv/ zklfk lv wkh qdwxudo vlwxdwlrq
￿￿A￿i *L￿ih ￿?i4T*L)4i?| E￿￿}￿ih i4T*L)4i?|￿ h@|i Lu |￿iti @}i?|t ￿t |￿i? UL?t￿t|i?| ￿￿|￿ ￿_i@t t￿U￿ @t ￿￿h|<t
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;zkhuh vxfk whpsrudu| frpshwlwlrq iru mrev lv vkruw0olyhg dqg lqfrqvhtxhqwldo/ zkloh wkh ryhudoo
vwdwxv ri lqgluhfw frqqhfwlrqv whoov rqh d juhdw ghdo derxw wkh srvvleoh vwdwxv ri gluhfw frqqhfwlrqv/
dqg wkh orqjhu uxq h￿hfwv frph wr grplqdwh1
Sursrvlwlrq 4 Xqghu ￿qh hqrxjk vxe0glylvlrqv ri shulrgv/ wkh xqltxh vwhdg|0vwdwh orqj0uxq glv0
wulexwlrq rq hpsor|phqw lv vxfk wkdw wkh hpsor|phqw vwdwxvhv ri dq| sdwk0frqqhfwhg djhqwv duh
srvlwlyho| fruuhodwhg1￿￿
Wkh sursrvlwlrq vkrzv wkdw ghvslwh wkh vkruw0uxq frqglwlrqdo qhjdwlyh fruuhodwlrq ehwzhhq wkh
hpsor|phqw ri frpshwlwruv iru mrev dqg lqirupdwlrq/ lq wkh orqjhu uxq dq| lqwhufrqqhfwhg djhqwv*
hpsor|phqw lv srvlwlyho| fruuhodwhg1 Wklv lpsolhv wkdw wkhuh lv d foxvwhulqj ri djhqwv e| hpsor|phqw
vwdwxv/ dqg hpsor|hg zrunhuv whqg wr eh frqqhfwhg zlwk hpsor|hg zrunhuv/ dqg ylfh0yhuvd1 Wklv lv
frqvlvwhqw zlwk wkh vruw ri foxvwhulqj revhuyhg e| Wrsd +5334,1 Wkh lqwxlwlrq lv fohdu= frqglwlrqdo
rq nqrzlqj wkdw vrph vhw ri djhqwv duh hpsor|hg/ lw lv pruh olnho| wkdw wkhlu qhljkeruv zloo hqg xs
uhfhlylqj lqirupdwlrq derxw mrev/ dqg vr rq1
Pruhryhu/ wkh srvlwlyh fruuhodwlrq krogv qrw rqo| xqghu wkh vwhdg|0vwdwh glvwulexwlrq/ exw dovr
dfurvv dq| duelwudu| wlph shulrgv1 Wkdw lv/ djhqw l*v hpsor|phqw vwdwxv dw wlph w lv srvlwlyho|
fruuhodwhg zlwk djhqw m*v vwdwxv dw wlph w￿ iru jhqhudo ydoxhv ri w dqg w￿1
Sursrvlwlrq 5 Xqghu ￿qh hqrxjk vxe0glylvlrqv ri shulrgv/ vwduwlqj xqghu wkh vwhdg|0vwdwh glvwul0
exwlrq/ wkh hpsor|phqw vwdwxvhv ri dq| wzr sdwk0frqqhfwhg djhqwv duh srvlwlyho| fruuhodwhg dfurvv
duelwudu| shulrgv1￿e
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Dv phqwlrqhg lq wkh lqwurgxfwlrq/ wkhuh duh vrph rwkhu sdwwhuqv ri xqhpsor|phqw wkdw kdyh ehhq
revhuyhg lq wkh gdwd dqg duh h{klelwhg e| d qhwzrunhg prgho1 Wr vhh wklv/ ohw xv h{dplqh vrph ri
wkh vhuldo sdwwhuqv ri hpsor|phqw wkdw hphujh1
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<Djdlq/ frqvlghu mre duulydo dqg euhdnxs udwhv ri d @ =433 dqg e @ =3481￿D Dvn wkh iroorzlqj
txhvwlrq= vxssrvh wkdw d shuvrq kdv ehhq xqhpsor|hg iru dw ohdvw hdfk ri wkh odvw [ shulrgv1 Zkdw
lv wkh suredelolw| wkdw kh ru vkh zloo eh hpsor|hg dw wkh hqg ri wklv shulrgB Zh h{dplqh wkh dqvzhu
wr wklv txhvwlrq dv zh ydu| wkh qxpehu ri shulrgv ri revhuyhg sdvw xqhpsor|phqw dqg wkh qhwzrun1
Wkh hqwulhv uhsuhvhqw wkh suredelolw| wkdw djhqw 4 zloo eh hpsor|hg qh{w shulrg/ frqglwlrqdo xsrq
wkh qhwzrun vwuxfwxuh dqg kdylqj ehhq xqhpsor|hg iru dw ohdvw wkh jlyhq qxpehu ri frqvhfxwlyh
suhylrxv shulrgv1
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Lq wkh fdvh zkhuh wkhuh lv qr qhwzrun/ wkh suredelolw| ri ehfrplqj hpsor|hg lv lqghshqghqw ri
wkh revhuyhg klvwru| ￿lw lv vlpso| wkh suredelolw| wkdw dq djhqw khduv derxw d mre +d q gw k h qg r h v
qrw orvh lw lq wklv shulrg,1 Rqfh wkhuh lv d qhwzrun lq sodfh/ wkh ohqjwk ri wkh xqhpsor|phqw klvwru|
grhv jlyh xv lqirupdwlrq= lw surylghv lqvljkw lqwr wkh olnholkrrg wkdw wkh djhqwv* frqqhfwlrqv duh
xqhpsor|hg1
Wkh sdwwhuqv revhuyhg khuh duh qrw sduwlfxodu wr wkh h{dpsoh exw krog pruh jhqhudoo|1
Sursrvlwlrq 6 Xqghu ￿qh hqrxjk vxe0glylvlrqv ri shulrgv dqg vwduwlqj xqghu wkh vwhdg|0vwdwh glv0
wulexwlrq/ wkh frqglwlrqdo suredelolw| wkdw dq lqglylgxdo zloo ehfrph hpsor|hg lq d jlyhq shulrg lv
ghfuhdvlqj zlwk wkh ohqjwk ri wkhlu revhuyhg +lqglylgxdo, xqhpsor|phqw vshoo1
Lqghhg/ orqjhu sdvw xqhpsor|phqw klvwrulhv ohdg wr zruvh lqihuhqfhv uhjduglqj wkh vwdwh ri rqh*v
frqqhfwlrqv dqg wkh ryhudoo vwdwh ri wkh qhwzrun1 Wklv ohdgv wr zruvh lqihuhqfhv uhjduglqj wkh
suredelolw| wkdw dq djhqw zloo khdu lqgluhfw qhzv derxw d mre1 Wkdw lv/ wkh orqjhu l kdv ehhq
xqhpsor|hg/ wkh kljkhu wkh h{shfwdwlrq wkdw l*v frqqhfwlrqv dqg sdwk0frqqhfwlrqv duh wkhpvhoyhv
dovr xqhpsor|hg1 Wklv pdnhv lw pruh olnho| wkdw l*v frqqhfwlrqv zloo wdnh dq| lqirupdwlrq wkh|
khdu ri gluhfwo|/ dqg ohvv olnho| wkdw wkh| zloo sdvv lw rq wr l1 Lq rwkhu zrugv/ d orqjhu lqglylgxdo
xqhpsor|phqw vshoo pdnhv lw pruh olnho| wkdw wkh vwdwh ri rqh*v vrfldo hqylurqphqw lv srru/ zklfk
lq wxuq ohdgv wr orz iruhfdvwv ri ixwxuh hpsor|phqw survshfwv1
Dv zh phqwlrqhg lq wkh lqwurgxfwlrq/ wklv h{sodqdwlrq iru gxudwlrq ghshqghqfh lv frpsohphq0
wdu| wr pdq| ri wkh suhylrxv h{sodqdwlrqv1 Iru lqvwdqfh/ rqh +dprqj d qxpehu ri, h{sodqdwlrqv
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43wkdw kdv ehhq r￿huhg iru gxudwlrq ghshqghqfh lv xqrevhuyhg khwhurjhqhlw|1￿S Dv l p s o hy d u l d q wr i
xqrevhuyhg khwhurjhqhlw| lv wkdw djhqwv kdyh lglrv|qfudwlf ihdwxuhv wkdw duh uhohydqw wr wkhlu dw0
wudfwlyhqhvv dv dq hpsor|hh dqg duh xqrevhuydeoh wr wkh hfrqrphwulfldq exw revhuyhg e| hpsor|huv1
Zlwk vxfk lglrv|qfudwlf ihdwxuhv vrph djhqwv zloo eh txlfno| uh0hpsor|hg zkloh rwkhuv zloo kdyh
orqjhu vshoov ri xqhpsor|phqw/ dqg vr wkh gxudwlrq ghshqghqfh lv gxh wr wkh xqrevhuyhg ihdwxuh
ri wkh zrunhu1 Zkloh wkh qhwzrun prgho dovr suhglfwv gxudwlrq ghshqghqfh/ zh ￿qg wkdw ryhu wkh
olihwlph ri d vlqjoh zrunhu/ wkh zrunhu pd| kdyh gl￿huhqw olnholkrrgv +zklfk duh vhuldoo| fruuhodwhg,
ri uhhpsor|phqw ghshqglqj rq wkh fxuuhqw vwdwh ri wkhlu vxuurxqglqj qhwzrun1 Vr/ lw dovr suhglfwv
wkdw frqwuroolqj iru wkh vwdwh ri wkh qhwzrun vkrxog khos h{sodlq wkh gxudwlrq ghshqghqfh1 Lq
sduwlfxodu/ lw r￿huv dq h{sodqdwlrq iru zk| zrunhuv ri d sduwlfxodu w|sh lq d sduwlfxodu orfdwlrq
+dvvxplqj qhwzrunv fruuhodwh zlwk orfdwlrq, pljkw h{shulhqfh gl￿huhqw hpsor|phqw fkdudfwhulvwlfv
wkdq wkh vdph w|shv ri zrunhuv lq dqrwkhu orfdwlrq/ doo rwkhu yduldeohv khog frqvwdqw1 Vr iru h{0
dpsoh/ yduldeohv vxfk dv orfdwlrq wkdw fdswxuh qhwzrun h￿hfwv vkrxog lqwhudfw zlwk rwkhu zrunhu
fkdudfwhulvwlf yduldeohv zklfk zrxog qrw eh suhglfwhg e| rwkhu prghov1￿.
Frpphqwv rq vwlfnlqhvv lq wkh g|qdplfv ri hpsor|phqw
Wkh gxudwlrq ghshqghqfh iru lqglylgxdov lv uh￿hfwlyh ri d pruh jhqhudo shuvlvwhqfh lq hpsor|0
phqw g|qdplfv1 Wklv shuvlvwhqfh fdq eh xqghuvwrrg e| ￿uvw qrwlqj d vlpsoh ihdwxuh ri rxu prgho1
Zkhq djjuhjdwh hpsor|phqw lv uhodwlyho| kljk/ xqhpsor|hg djhqwv kdyh uhodwlyho| pruh ri wkhlu
frqqhfwlrqv hpsor|hg dqg idfh uhodwlyho| ohvv frpshwlwlrq iru mre lqirupdwlrq/ dqg duh pruh olnho|
wr khdu derxw mrev1 Frqyhuvho|/ zkhq djjuhjdwh hpsor|phqw lv uhodwlyho| orz/ xqhpsor|hg djhqwv
duh uhodwlyho| ohvv olnho| wr khdu derxw mrev1
Wr looxvwudwh wklv srlqw/ frqvlghu wkh eulgjh qhwzrun lq Iljxuh 5 wkdw frqqhfwv 43 djhqwv1 Zh
fdofxodwh wkh +dyhudjh, lqglylgxdo suredelolw| wkdw dq xqhpsor|hg djhqw ￿qgv d mre zlwklq wkh
fxuuhqw shulrg/ frqglwlrqdo rq wkh wrwdo qxpehu ri hpsor|hg djhqwv lq wkh qhwzrun1 Zh surylgh
fdofxodwlrqv iru wzr gl￿huhqw sdluv ri sdudphwhu ydoxhv/ d @ =433/ e @ =348/ dqg d @ e @ =3831 Wkh
suredelolwlhv duh h{suhvvhg lq shufhqwdjh whupv1
Wdeoh 8
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Zkhq wkhuh lv qr qhwzrun frqqhfwlqj djhqwv/ wkh suredelolw| wkdw dq xqhpsor|hg djhqw ￿qgv d
mre lv vlpso| wkh duulydo udwh d1 Lq frqwudvw/ zkhq djhqwv duh frqqhfwhg wkurxjk d qhwzrun +khuh/ wkh
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44eulgjh qhwzrun ri Iljxuh 5,/ wkh suredelolw| ri ￿qglqj d mre ydulhv zlwk wkh hpsor|phqw vwdwh1 Wklv
frqglwlrqdo suredelolw| lv d zkhq hyhu|erg| lv xqhpsor|hg/ exw wkhq lqfuhdvhv zlwk wkh qxpehu ri
hpsor|hg djhqwv lq wkh qhwzrun/ dv vkrzq lq Wdeoh 81
Wklv vwdwh ghshqghqfh ri wkh suredelolw| ri khdulqj derxw d mre wkhq lpsolhv d shuvlvwhqfh lq
djjuhjdwh hpsor|phqw g|qdplfv1 Dv d qhwzrun jhwv forvhu wr ixoo hpsor|phqw/ xqhpsor|hg djhqwv
ehfrph hyhq pruh olnho| wr ehfrph hpsor|hg1 V|pphwulfdoo|/ wkh orzhu wkh hpsor|phqw udwh/ wkh
orzhu wkh suredelolw| wkdw d jlyhq xqhpsor|hg djhqw khduv derxw d mre1￿H Dowkrxjk wkh surfhvv
rvfloodwhv ehwzhhq ixoo hpsor|phqw dqg xqhpsor|phqw/ lw h{klelwv d vwlfnlqhvv dqg dwwudfwlrq vr
wkdw wkh forvhu lw jhwv wr rqh h{wuhph +kljk hpsor|phqw ru kljk xqhpsor|phqw, wkh juhdwhu wkh
sxoo lv iurp wkdw h{wuhph1 Wklv ohdgv wr d vruw ri errp dqg exvw h￿hfw/ dv looxvwudwhg lq Iljxuh 61
Iljxuh 6
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Vwduwlqj iurp ixoo hpsor|phqw/ Iljxuh 6 sorwv wkh g|qdplfv ri d vlpxodwlrq ri djjuhjdwh hpsor|0
phqw ryhu 433 shulrgv iru dq hpsw| qhwzrun +wkh juhhq olqh, dqg iru wkh eulgjh qhwzrun ri Iljxuh
5 +wkh uhg olqh,1 Zh udq wkh g|qdplfv iru wzr gl￿huhqw sdudphwhu sdluv1 Iluvw/ zkhq d @3 =433
dqg e @3 =348/ wkh hfrqrp| rvfloodwhv ehwzhhq ixoo dqg kljk hpsor|phqw lq wkh eulgjh qhwzrun
zkloh lw rvfloodwhv pruh zlgho| ehwzhhq kljk dqg orz hpsor|phqw lq wkh hpsw| qhwzrun1 Dq lp0
sruwdqw ihdwxuh lv wkdw wkh vshoov ri xqhpsor|phqw duh vkruwhu lq wkh eulgjh qhwzrun> dqg wklv lv
uh￿hfwlyh ri wkh idfw wkdw xqhpsor|hg djhqwv khdu derxw mrev pruh txlfno| zkhq wkh hfrqrp| lv
qhdu ixoo hpsor|phqw1 Wkh idfw wkdw wkh duulydo udwh lv uhodwlyho| kljk frpsduhg wr wkh euhdnxs
udwh/ phdqv wkdw wkh eulgjh qhwzrun vwd|v yhu| forvh wr ixoo hpsor|phqw prvw ri wkh wlph1 Lq wkh
vhfrqg vlpxodwlrq/ d @3 =383 dqg e @3 =383/ dqg vr wkh duulydo udwh dqg euhdnxs udwhv duh htxdo dqg
wkh hfrqrp| rvfloodwhv pruh zlgho| ehwzhhq kljk dqg orz hpsor|phqw lq erwk qhwzrunv1 Vwloo wkh
hpsw| qhwzrun h{shulhqfhv orzhu dyhudjh hpsor|phqw dv zh vkrxog h{shfw> exw pruh lpsruwdqwo|/
wkh eulgjh qhwzrun vqdsv edfn wr ixoo hpsor|phqw pruh txlfno| zkhq sxvkhg dzd| iurp lw1 Lq olqh
zlwk wkh vwlfnlqhvv ri wkh surfhvv/ qrwh wkdw wkh rqo| vlwxdwlrq zkhuh pruh wkdq wzr djhqwv duh
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45xqhpsor|hg iru pruh wkdq ￿yh shulrgv dsshduv ehwzhhq shulrgv 93 dqg ;3/ dqg wkhuh zh klw wkh
orzhvw hpsor|phqw ryhudoo ￿zklfk lv looxvwudwlyh ri wkh uhodwlrqvkls ehwzhhq ohyho ri xqhpsor|phqw
dqg gxudwlrq1
Zh dovr srlqw rxw wkdw hpsor|phqw qhhg qrw eh hyhqo| vsuhdg rq wkh qhwzrun/ hvshfldoo| lq
d qhwzrun vxfk dv wkh eulgjh qhwzrun iurp Iljxuh 51 Dv d uhvxow whpsrudo sdwwhuqv pd| eh
dv|qfkurqrxv dfurvv gl￿huhqw sduwv ri wkh qhwzrun/ zlwk vrph sduwv h{shulhqflqj errpv dqg rwkhu
sduwv h{shulhqflqj uhfhvvlrqv dw wkh vdph wlph1 Wklv dv|qfkurqrxv ehkdylru lv looxvwudwhg lq Iljxuh
7/ zklfk sorwv vhsdudwho| ryhu 433 shulrgv wkh djjuhjdwh hpsor|phqw ri djhqwv 4 wr 8 +wkh uhg olqh,
dqg wkdw ri djhqwv 9 wr 43 +wkh juhhq olqh, lq wkh eulgjh qhwzrun iurp Iljxuh 5 iurp d vlpxodwlrq
zlwk d @3 =383 dqg e @3 =3831 Wkh hpsor|phqw udwhv duh odujho| dv|qfkurqrxv h{fhsw iru wkh
shulrgv zkhuh qhduo| wkh zkroh qhwzrun zdv xqhpsor|hg1
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Zh qrz wxuq wr vkrzlqj krz wkh qhwzrun prgho kdv lpsruwdqw lpsolfdwlrqv iru lqhtxdolw| dfurvv
djhqwv/ dqg krz wkdw lqhtxdolw| fdq shuvlvw1
Rxu uhvxowv vr idu vkrz wkdw dq djhqw*v hpsor|phqw vwdwxv zloo ghshqg lq lpsruwdqw zd|v rq
wkh vwdwxv ri wkrvh djhqwv zkr duh sdwk0frqqhfwhg zlwk wkh djhqw1 Wklv ohdgv wr vrph khwhurjhqhlw|
dfurvv djhqwv/ dv wkhlu qhwzrunv dqg wkh orfdo frqglwlrqv lq wkhlu qhwzrunv zloo ydu|1 Qrwh/ krzhyhu/
wkdw lq wkh devhqfh ri vrph vwuxfwxudo khwhurjhqhlw| dfurvv djhqwv/ wkhlu orqj0uxq survshfwv zloo
orrn vlplodu1 Wkdw lv/ li wkh krul}rq lv orqj hqrxjk/ wkhq wkh lpsruwdqfh ri wkh vwduwlqj vwdwh zloo
glvdsshdu1
Krzhyhu/ h{sdqglqj wkh prgho voljkwo| fdq lqwurgxfh vxevwdqwldo dqg vxvwdlqhg lqhtxdolw|
dprqj djhqwv/ hyhq li wkhlu qhwzrun vwuxfwxuhv duh lghqwlfdo1 Wkh h{sdqvlrq lq wkh prgho frphv
lq wkh irup ri hqgrjhql}lqj wkh qhwzrun e| doorzlqj djhqwv wr _gurs0rxw% ri wkh qhwzrun1 Wklv
ghflvlrq fdq eh vhqvlwlyh wr vwduwlqj frqglwlrqv/ dqg kdyh odvwlqj dqg idu0uhdfklqj h￿hfwv rq wkh
qhwzrun g|qdplfv1 Ohw xv wdnh d forvhu orrn1
46Vxssrvh wkdw djhqwv kdyh wr ghflgh zkhwkhu wr eh lq wkh oderu pdunhw qhwzrun ru wr gurs rxw1
Zh prgho wklv dv d rqfh0dqg0iru0doo ghflvlrq/ zlwk qr uh0hqwu| doorzhg iru djhqwv fkrrvlqj wr gurs
rxw1 Vwd|lqj lq wkh oderu pdunhw uhvxowv lq dq h{shfwhg suhvhqw ydoxh ri frvwv f￿ ￿ 31 Wkhvh lqfoxgh
frvwv ri hgxfdwlrq/ vnloov pdlqwhqdqfh/ rssruwxqlw| frvwv/ hwf1 Zh qrupdol}h wkh rxwvlgh rswlrq wr
kdyh d ydoxh ri 3/ vr wkdw dq djhqw fkrrvhv wr vwd| lq wkh oderu irufh zkhq wkh glvfrxqwhg h{shfwhg
ixwxuh zdjhv h{fhhg wkh frvwv1
Wkhuh duh wzr vlpsol￿fdwlrqv pdgh khuh1 Rqh lv wkdw zh prgho wklv dv li doo djhqwv pdnh wkhlu
ghflvlrqv vlpxowdqhrxvo|1 Lq uhdolw| dowkrxjk wkh exon ri d jlyhq djhqw*v frqqhfwlrqv pd| eh dw
vlplodu vwdjhv ri wkhlu olyhv/ wkh djhqw pd| dovr eh frqqhfwhg wr rwkhu djhqwv dw gl￿huhqw vwdjhv lq
wkhlu olyhv1 Wkh vhfrqg vlpsol￿fdwlrq lv wkdw wkh gurs0rxw ghflvlrq lv pdgh mxvw rqfh1 Lpsolflw lq
wklv lv wkh lghd wkdw wkh exon ri wkh frvwv +hgxfdwlrq dqg rssruwxqlw|, dsshdu dw dq hduo| vwdjh
ri dq djhqw*v fduhhu/ dqg rqfh wkrvh frvwv duh vxqn wkhuh lv olwwoh lqfhqwlyh wr gurs rxw1 Wkhvh duh
erwk fohduo| fuxgh dssur{lpdwlrqv/ exw uhdvrqdeoh vwduwlqj srlqwv1
Wkhuh duh vrph reylrxv frpsdudwlyh vwdwlfv1 Gurs0rxw shufhqwdjhv zloo eh ghfuhdvlqj lq zdjhv
dqg lqfuhdvlqj lq frvwv1 Gurs0rxw ghflvlrqv dovr ghshqg rq krz zhoo dq djhqw lv frqqhfwhg1 Zlwk
ehwwhu frqqhfwlrqv +iru lqvwdqfh/ odujhu qxpehuv ri olqnv kroglqj doo hovh frqvwdqw,/ wkhuh lv d odujhu
fkdqfh ri khdulqj derxw mrev dqg vr wkh ixwxuh survshfwv ri hpsor|phqw duh kljkhu/ ohdglqj wr d
kljkhu wkuhvkrog ri frvwv zkhuh wkh djhqw zrxog fkrrvh wr gurs rxw1
Wkh sduw wkdw lv ohvv wudqvsduhqw/ exw vwloo txlwh lqwxlwlyh/ lv wkh lqwhudfwlrq ehwzhhq wkh ghflvlrqv
ri gl￿huhqw djhqwv1 Srvlwlyh fruuhodwlrq ri hpsor|phqw iru sdwk0frqqhfwhg djhqwv erwk zlwklq
dqg dfurvv shulrgv lpsolhv wkdw kdylqj pruh djhqwv sduwlflsdwh lv ehwwhu qhzv iru d jlyhq djhqw
dv lw h￿hfwlyho| lpsuryhv wkh djhqw*v qhwzrun frqqhfwlrqv dqg survshfwv iru ixwxuh hpsor|phqw1
Wkhuhiruh/ wkh ghflvlrqv wr vwd| lq wkh oderu irufh duh vwudwhjlf frpsohphqwv/ lpso|lqj wkdw wkh gurs0
rxw jdph lv vxshuprgxodu1 Wkdw lv/ dv pruh ri wkh rwkhu sod|huv ghflgh wr vwd| lq/ d jlyhq sod|hu*v
ghflvlrq wr vwd| lq lv lqfuhdvlqjo| idyruhg uhodwlyh wr gursslqj rxw1 Wkh wkhru| ri vxshuprgxodu
jdphv wkhq jxdudqwhhv wkh h{lvwhqfh ri d pd{lpdo Qdvk htxloleulxp lq sxuh vwudwhjlhv1 D pd{lpdo
htxloleulxp lv vxfk wkdw wkh vhw ri djhqwv vwd|lqj lq wkh pdunhw lv pd{lpdo/ vr wkdw wkh vhw ri djhqwv
vwd|lqj lq dw dq| rwkhu htxloleulxp ri wkh jdph lv d vxevhw ri wkrvh vwd|lqj lq dw wkh pd{lpdo
htxloleulxp1 Zh uhvwulfw dwwhqwlrq wr vxfk pd{lpdo htxloleuld1￿bc2f
Wklv vxshuprgxodu dvshfw ri wkh gurs0rxw ghflvlrqv lv zkhuh zh vhh wkh hphujhqfh ri wkh frq0
wdjlrq h￿hfwv glvfxvvhg lq wkh lqwurgxfwlrq1 Wkh idfw wkdw dq djhqw gursv rxw ohdgv wr zruvh ixwxuh
hpsor|phqw survshfwv iru wkdw djhqw*v frqqhfwlrqv1 Wklv lq wxuq lqfuhdvhv wkh fkdqfh wkdw wkrvh
djhqwv gurs rxw/ dqg vr iruwk1 Wkxv/ gurs0rxw ghflvlrqv duh qrw l1l1g1/ hyhq zkhq wkh frvwv ri vwd|lqj
lq wkh oderu irufh duh l1l1g1 dfurvv djhqwv1 Wklv h￿hfw/ dv zhoo dv krz wkh lqlwldo frqglwlrq ri wkh
qhwzrun d￿hfwv gurs0rxw udwhv/ duh looxvwudwhg lq wkh iroorzlqj h{dpsoh1
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47H{dpsoh 8 Lqlwldo Frqglwlrqv/ Gurs0Rxwv/ dqg Frqwdjlrq
Wr phdvxuh wkh frqwdjlrq h￿hfw/ zh ￿uvw dvn krz pdq| shrsoh zrxog gurs rxw zlwkrxw dq|
htxloleulxp h￿hfw/ wkdw lv/ li wkh| hdfk glg wkh fdofxodwlrq vxssrvlqj wkdw hyhu|rqh hovh zdv jrlqj
wr vwd| lq1 Wkhq zh fdq fdofxodwh krz pdq| shrsoh gurs rxw lq htxloleulxp/ dqg dq| h{wud shrsoh
gursslqj rxw duh gxh wr vrpherg| hovh gursslqj rxw/ zklfk zh lv zkdw zh dwwulexwh wr wkh frqwdjlrq
h￿hfw1
Iru wkhvh fdofxodwlrqv/ zh wdnh wkh frvw ri vwd|lqj lq wkh qhwzrun/ f￿/ wr eh xqlirupo| glvwulexwhg
rq ^=;>4 ‘d q g￿ {w k hs h us h u l r gz d j hw re hz @ 41 Zh gr wkh fdofxodwlrqv zlwk frpsohwh qhwzrunv/
zkhuh hdfk sduwlflsdwlqj djhqw lv gluhfwo| olqnhg wr hyhu| rwkhu djhqw1 Zh frpsxwh wkh shufhqwdjh
ri gurs0rxwv iru gl￿huhqw ydoxhv ri q/ dqg zh dovr fdofxodwh wkh shufhqwdjh ri gurs0rxwv gxh wr
frqwdjlrq1 Zh gr wkh fdofxodwlrq iru wzr lqlwldo vwdwhv= hyhu|erg| hpsor|hg/ vf @+ 4 >===>4,/ dqg
hyhu|erg| xqhpsor|hg/ vf @ +3>===>3,1
Iru wkh iroorzlqj wdeohv/ wkh fdofxodwlrqv duh grqh iru d glvfrxqw udwh ri 1</ zkhuh zh vlpsoli|
wklqjv e| dvvxplqj wkdw dq djhqw vwduwv lq wkh lqlwldo vwdwh/ dqg wkhq mxpsv wr wkh vwhdg| vwdwh
lq wkh qh{w _shulrg%1 Wklv mxvw jlyhv xv d urxjk fdofxodwlrq/ exw hqrxjk wr vhh wkh h￿hfwv1 Vr/
dq djhqw zkr vwd|v lq jhwv d qhw sd|r￿ ri =4v￿ . =<s￿ ￿ f￿/ zkhuh s￿ lv wkh djhqw*v vwhdg| vwdwh
hpsor|phqw suredelolw| lq wkh pd{lpdo htxloleulxp1 Zh djdlq vhw d @ =433 dqg e @ =34812￿
Wdeoh 9
vf @ +4>===>4, q @4 q @5 q @7 q @; q @4 9 q @6 5 q $4
Gursrxw Shufhqwdjh 8;=6 77=8 59=5 47=: <=: :=; 9=;
Shufhqwdjh Gxh wr Frqwdjlrq 3 ;=; 8=3 4=7 3=7 3=5 3
Wdeoh :
vf @ +3>===>3, q @4 q @5 q @7 q @; q @4 9 q @6 5 q $4
Gursrxw Shufhqwdjh 433 <:=; <5=< ;5=5 9;=3 93=9 89=;
Shufhqwdjh Gxh wr Frqwdjlrq 3 45=4 54=: 4;=< ;=: 6=3 3
Vr/ iru lqvwdqfh/ lq Wdeoh :/ zkhq q @ 49 dqg hyhu|erg| lv lqlwldoo| xqhpsor|hg/ zh kdyh
9;( ri wkh shrsoh gursslqj rxw rq dyhudjh1 Wklv phdqv wkdw zh h{shfw derxw 44 shrsoh wr gurs
r x wr qd y h u d j hd q gd e r x w8s h r s o hw rv w d |l q 1 W k h; 1 : ( gxh wr frqwdjlrq phdqv wkdw derxw 418
+@ =3;: ￿49, ri wkh shrsoh gursslqj rxw duh grlqj vr ehfdxvh rwkhuv gurs rxw/ dqg wkh| zrxog eh
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48zloolqj wr vwd| lq li doo wkh rwkhuv zhuh zloolqj wr1 Wkxv derxw <18 ri wkh 44 shrsoh zrxog gurs rxw
hyhq li doo vwd|hg lq/ dqg 418 ri wkh 44 gurs rxw ehfdxvh ri wkh idfw wkdw vrph rwkhuv kdyh gursshg
rxw1
Qrwh wkdw wkh frqwdjlrq h￿hfw lv odujhu iru wkh zruvh vwduwlqj vwdwh dqg lv dovr odujhu iru vpdoohu
qhwzrunv +dowkrxjk qrw hqwluho| prqrwrqh,1 Wklv lv wuxh ehfdxvh wkh lpsdfw ri vrphrqh gursslqj
rxw lv pruh surqrxqfhg lq zruvh vwduwlqj vwdwhv dqg vpdoohu qhwzrunv1 Lq wkh olplw/ wkh lpsdfw ri
kdylqj shrsoh gurs rxw lv qhjoljleoh dqg vr wkh frqwdjlrq h￿hfw glvdsshduv zkhq djhqwv kdyh yhu|
odujh qxpehuv ri frqqhfwlrqv +kroglqj doo hovh ￿{hg,1 Iru q @ 4/ wkhuh fdqqrw eh d frqwdjlrq h￿hfw/
vr wkh qxpehu lv 3 wkhuh dv zhoo1
Wkh qrq0prqrwrqlflw| ri wkh frqwdjlrq h￿hfw lq q lv d elw vxewoh1 Wkh srvvlelolw| ri frqwdjlrq
lv lqlwldoo| qrq0h{lvwhqw1 Lw wkhq lqfuhdvhv dv wkh qxpehu ri frqqhfwlrqv lqfuhdvhv/ vlqfh wkhuh
duh pruh srvvleoh frpelqdwlrqv ri qhljkeru gurs0rxwv wkdw fdq wdnh sodfh zlwk wkuhh frqqhfwlrqv
+zkhq q @7 , wkdq rqh frqqhfwlrq +zkhq q @5 ,/ dqg dq| vlqjoh gurs0rxw fdq wkhq wuljjhu dqrwkhu1
Hyhqwxdoo|/ zlwk odujh qxpehuv ri frqqhfwlrqv/ wkh pdujlqdo lpsdfw ri dq dgglwlrqdo frqqhfwlrq wr
d jlyhq djhqw lv douhdg| yhu| orz/ dqg lq idfw ehfrphv vhfrqg rughu lq wkh qxpehu ri djhqwv1 Wkh
idfw wkdw lw vkulqnv vr pxfk phdqv wkdw hyhqwxdoo| wkh frqwdjlrq h￿hfw glvdsshduv dv hyhq kdylqj
vrph iudfwlrq ri rqh*v frqqhfwlrqv gurs rxw lv qr orqjhu d sureohp li wkhuh duh vwloo d odujh qxpehu
ri frqqhfwlrqv vwd|lqj lq1
Wkh suhylrxv h{dpsoh vkrzv wkdw gl￿huhqw vrfldo jurxsv zlwk lghqwlfdo qhwzrun uhodwlrqvklsv exw
gl￿hulqj e| wkhlu vwduwlqj hpsor|phqw vwdwh/ kdyh gl￿huhqw gurs0rxw udwhv1 Ehfdxvh gursslqj rxw
kxuwv wkh survshfwv iru wkh jurxs ixuwkhu/ wklv fdq kdyh vwurqj lpsolfdwlrqv iru lqhtxdolw| sdwwhuqv1
Zh qrz vkrz wkdw wklv krogv pruh jhqhudoo|1
Lq dqdo|}lqj wkh gurs0rxw jdph iru wkh sursrvlwlrq ehorz zh gr qrw dowhu wkh qhwzrun vwuxfwxuh
zkhq dq djhqw gursv rxw> lqvwhdg zh vlpso| vhw wkh gurs0rxw*v hpsor|phqw vwdwxv wr eh 3 iruhyhu1
Wkxv d gurs0rxw*v vrfldo frqwdfwv gr qrw fkdqjh dqg klv ru khu frqwdfwv vwloo sdvv rq qhzv derxw
mrev1 Lw lv dv li wkh djhqw*v frqqhfwlrqv vwloo sdvv wkh djhqw lqirupdwlrq wklqnlqj wkdw wkh djhqw
lv vlpso| xqhpsor|hg udwkhu wkdq d gurs0rxw1 Wklv pljkw lqwurgxfh d eldv wr wkh h{whqw wkdw
lqirupdwlrq lv qr orqjhu sdvvhg rq wr vrphrqh zkr kdv gursshg rxw1 Dffrxqwlqj iru vxfk h￿hfwv
zrxog frpsolfdwh wkh dqdo|vlv dv rqh zrxog qhhg wr nhhs wudfn ri dq| prgl￿fdwlrqv ri wkh qhwzrun
vwuxfwxuh dv djhqwv gurs rxw1
Sursrvlwlrq 7 Frqvlghu wzr vrfldo jurxsv zlwk lghqwlfdo qhwzrun vwuxfwxuhv1 Li wkh vwduwlqj vwdwh
shuvrq0e|0shuvrq lv kljkhu iru rqh jurxs wkdq wkh rwkhu/ wkhq wkh vhw ri djhqwv zkr gurs rxw ri wkh
￿uvw jurxs lq wkh pd{lpdo htxloleulxp lv d vxevhw ri wkhlu frxqwhusduwv lq wkh vhfrqg jurxs1 Wkhvh
gl￿huhqfhv lq gurs0rxw udwhv jhqhudwh shuvlvwhqw lqhtxdolw| lq suredelolwlhv ri hpsor|phqw lq wkh
vwhdg|0vwdwh glvwulexwlrqv/ zlwk wkh ￿uvw jurxs kdylqj zhdno| ehwwhu hpsor|phqw suredelolwlhv wkdq
wkhlu frxqwhusduwv1 Wkhuh lv d vwulfw gl￿huhqfh lq hpsor|phqw suredelolwlhv iru doo djhqwv lq dq|
frpsrqhqw ri wkh qhwzrun iru zklfk wkh htxloleulxp gurs0rxw ghflvlrqv gl￿hu dfurvv wkh wzr jurxsv1
Vr zh kdyh hvwdeolvkhg wkdw d qhwzrunhg prgho fdq jhqhudwh shuvlvwhqw gl￿huhqfhv dprqj wzr
vrfldo jurxsv zlwk lghqwlfdo hfrqrplf fkdudfwhulvwlfv h{fhsw wkdw wkh| gl￿hu lq wkhlu vwduwlqj vwdwh1
49Dv phqwlrqhg lq wkh lqwurgxfwlrq/ wklv lv frqvlvwhqw zlwk grfxphqwhg gl￿huhqfhv lq gurs0rxw udwhv
dprqj eodfnv dqg zklwhv/ dv zhoo dv vwxglhv wkdw vkrz wkdw dffrxqwlqj iru yroxqwdu| gurs0rxwv iurp
wkh oderu irufh qhjdwlyho| d￿hfw wkh vwdqgdug phdvxuhv ri eodfn hfrqrplf surjuhvv +h1j1 Fkdqgud
+5333,/ Khfnpdq/ O|rqv/ dqg Wrgg +5333,,1 Zkloh wklv frpsdulvrq lv vw|ol}hg/ wkh idfw wkdw
zh frqvlghu wzr frpsohwho| lghqwlfdo qhwzrunv h{fhsw iru wkhlu vwduwlqj vwdwhv hpskdvl}hv krz
lpsruwdqw vwduwlqj frqglwlrqv fdq eh122
Mxvw wr vkrz wkdw wkh lqhtxdolw| zh duh vhhlqj lv qrw gxh wr wkh lvrodwlrq ri wkh jurxsv ri djhqwv
zlwk gl￿huhqw vwduwlqj frqglwlrqv/ ohw xv h{dplqh gurs0rxw ghflvlrqv zkhq wkhuh lv d eulgjh ehwzhhq
wzr jurxsv1
H{dpsoh 9 Frqqhfwhg Vrfldo Jurxsv dqg Gurs Rxwv
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Djhqwv 4 wr 8 vwduw hpsor|hg dqg djhqwv 9 wr 43 vwduw xqhpsor|hg1
Zh gr gurs0rxw fdofxodwlrqv dv lq H{dpsoh 81 Zh wdnh wkh f￿ wr eh xqlirupo| glvwulexwhg
rq ^=;>4‘/￿ {z @ 4/ xvh d glvfrxqw udwh ri 1</ dqg kdyh djhqwv zkr vwd| lq jhw d qhw sd|r￿
ri =4v￿ . =<s￿ ￿ f￿/ zkhuh s￿ lv wkh djhqw*v vwhdg| vwdwh hpsor|phqw suredelolw| lq wkh pd{lpdo
htxloleulxp ri wkh gurs0rxw jdph/ dqg v￿ lv wkhlu vwduwlqj hpsor|phqw vwdwh1
Wkh gurs0rxw suredelolwlhv iru wkh gl￿huhqw djhqwv duh dv iroorzv=
Wdeoh ;
Djhqw 4 5 6 7 8 9 : ; < 43
Gurs0rxw Udwh 17: 175 175 175 175 1<4 1<6 1<6 1<6 1<6
Qrwh wkdw wkh gurs0rxw udwhv duh vljql￿fdqwo| kljkhu iru wkh djhqwv zkr vwduw lq wkh xqhpsor|hg
vwdwh/ hyhq wkrxjk wkh qhwzrun lv frqqhfwhg1 Wkh djhqw zkr irupv wkh eulgjh iurp wkh xqhpsor|hg
vlgh lv ohvv olnho| wr gurs0rxw wkdq wkh rwkhu xqhpsor|hg djhqwv> zkloh wkh frxqwhusduw djhqw zkr
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4:irupv wkh eulgjh iurp wkh hpsor|hg vlgh lv pruh olnho| wr gurs0rxw wkdq rwkhu hpsor|hg djhqwv12￿
Zkloh wklv h{dpsoh lv fohduo| kljko| vw|ol}hg/ lw grhv surylgh vrph lqwxlwlyh suhglfwlrqv/ dqg vkrzv
wkdw vwduwlqj frqglwlrqv fdq ohdg wr vxvwdlqhg gl￿huhqfhv dfurvv jurxsv hyhq lq d frqqhfwhg qhwzrun1
Ohw xv glvfxvv wkh uhodwlrq ri rxu dqdo|vlv ri gurs0rxw udwhv wr wkhrulhv ri glvfulplqdwlrq1 Fodv0
vlfdo wkhrulhv ri glvfulplqdwlrq/ vxfk dv wkdw ri Ehfnhu +4<8:, ru Vfkhoolqj +4<:4,/ srvwxodwh wkdw
lqglylgxdov kdyh dq lqwulqvlf suhihuhqfh iru lqglylgxdov lq wkhlu rzq vrflhwdo jurxs12e Ehfdxvh ri
vxfk suhihuhqfhv dqg h{whuqdolwlhv/ lqglylgxdov hqg xs vhjuhjdwhg lq wkh zrunsodfh/ dqg wkh uhvxowlqj
vruwlqj sdwwhuqv e| jurxs d￿oldwlrq fdq euhhg zdjh lqhtxdolw|12D Rxu prgho r￿huv dq dowhuqdwlyh
dqg qryho h{sodqdwlrq iru lqhtxdolw| lq zdjhv dqg hpsor|phqw12Sc2. Wzr rwkhuzlvh lghqwlfdo lq0
glylgxdov hpehgghg lq wzr vrflhwdo jurxsv zlwk gl￿huhqw froohfwlyh hpsor|phqw klvwrulhv +ru zlwk
gl￿huhqw qhwzrunv dv glvfxvvhg ehorz, w|slfdoo| zloo h{shulhqfh gl￿huhqw hpsor|phqw rxwfrphv1 Lq
rwkhu zrugv/ vrfldo qhwzrunv lq￿xhqfh hfrqrplf vxffhvv ri lqglylgxdov dw ohdvw lq sduw gxh wr wkh
gl￿huhqw frpsrvlwlrq dqg klvwru| ri lqglylgxdov* qhwzrunv1 Zkhq frxsohg zlwk gurs0rxw ghflvlrqv/
vxvwdlqhg lqhtxdolw| fdq eh wkh uhvxow ri gl￿huhqfhv lq klvwru|1 Zh glvfxvv vrph srolf| lpsolfdwlrqv
ri wklv qhwzrun ylhzsrlqw ehorz1





Ohw xv phqwlrq vrph ohvvrqv wkdw fdq eh ohduqhg iurp rxu prgho derxw srolf| lq wkh suhvhqfh ri
qhwzrun h￿hfwv/ dqg vrph ri zklfk zh zloo looxvwudwh zlwk vrph h{dpsohv ehorz1 Rqh reylrxv ohvvrq
lv wkdw wkh g|qdplfv ri wkh prgho vkrz wkdw srolflhv wkdw d￿hfw fxuuhqw hpsor|phqw zloo kdyh erwk
ghod|hg dqg orqj0odvwlqj h￿hfwv1
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4;Dqrwkhu ohvvrq lv wkdw wkhuh lv d srvlwlyh h{whuqdolw| ehwzhhq wkh vwdwxv ri frqqhfwhg lqglylg0
xdov1 Vr/ iru lqvwdqfh/ li zh frqvlghu lpsurylqj wkh vwdwxv ri vrph qxpehu ri lqglylgxdov zkr duh
vfdwwhuhg durxqg wkh qhwzrun/ ru vrph jurxs wkdw duh pruh wljkwo| foxvwhuhg/ wkhuh zloo eh wzr
vruwv ri dgydqwdjhv wr frqfhqwudwlqj wkh lpsuryhphqwv lq wljkwhu foxvwhuv1 Wkh ￿uvw lv wkdw wklv
zloo lpsuryh wkh wudqvlwlrq suredelolwlhv ri wkrvh gluhfwo| lqyroyhg/ exw wkh vhfrqg lv wkdw wklv zloo
lpsuryh wkh wudqvlwlrq suredelolwlhv ri wkrvh frqqhfwhg zlwk wkhvh lqglylgxdov1 Pruhryhu/ frqfhq0
wudwhg lpsuryhphqwv ohdg wr d juhdwhu lpsuryhphqw ri wkh vwdwxv ri frqqhfwlrqv wkdq glvshuvhg
lpsuryhphqwv1 Wklv zloo wkhq sursdjdwh wkurxjk wkh qhwzrun1
Wr jhw d ehwwhu slfwxuh ri wklv/ frqvlghu wkh gurs0rxw jdph1 Vxssrvh wkdw zh duh lq d vlwxdwlrq
zkhuh doo djhqwv ghflgh wr gurs rxw1 Frqvlghu wzr gl￿huhqw vxevlglhv= lq wkh ￿uvw/ zh slfn djhqwv
glvwulexwhg durxqg wkh qhwzrun wr vxevlgl}h> zkloh lq wkh vhfrqg zh vxevlgl}h d jurxs ri djhqwv zkr
duh foxvwhuhg wrjhwkhu1 Lq wkh ￿uvw fdvh/ rwkhu djhqwv pljkw qrz mxvw kdyh rqh +li dq|, frqqhfwlrq
wr dq djhqw zkr lv vxevlgl}hg1 Wklv pljkw qrw eh hqrxjk wr lqgxfh wkhp wr vwd| lq/ dqg vr qrerg|
rwkhu wkdq wkh vxevlgl}hg djhqwv vwd| lq wkh pdunhw1 Khuh wkh pdlq lpsdfw rq wkh gurs0rxw udwh
lv gluhfwo| wkurxjk wkh vxevlg|1 Lq frqwudvw/ lq wkh foxvwhuhg fdvh/ d qxpehu ri djhqwv qrz kdyh
vhyhudo frqqhfwlrqv zkr duh lq wkh pdunhw1 Wklv pd| lqgxfh wkhvh rwkhu djhqwv wr vwd| lq1 Wklv
fdq wkhq kdyh d frqwdjlrq h￿hfw/ fduu|lqj ryhu wr djhqwv frqqhfwhg zlwk wkhp dqg vr rq1 Eh|rqg
wkh gluhfw lpsdfw ri wkh vxevlg|/ wklv kdv dq lqgluhfw frqwdjlrq h￿hfw wkdw ghfuhdvhv wkh gurs0rxw
udwh/ dqg wkhq lpsuryhv wkh ixwxuh vwdwxv ri doo ri wkh djhqwv lqyroyhg hyhq ixuwkhu wkurxjk wkh
lpsuryhg qhwzrun h￿hfw1
H{dfwo| krz rqh zdqwv wr glvwulexwh vxevlglhv wr pd{lpl}h wkhlu lpsdfw lv d vxewoh pdwwhu1 Zh
orrn dw dq h{dpsoh wr kljkoljkw wkh vxewohwlhv1
Frqfhqwudwlrq ri vxevlglhv
Ohw xv djdlq frqvlghu d vrflhw| ri hljkw lqglylgxdov/ djdlq zkhuh d @ =433 dqg e @ =3481
Vxssrvh wkh frvwv ri vwd|lqj lq wkh qhwzrun/ f￿/ duh gudzq dw udqgrp iurp d xqlirup glvwulexwlrq
zlwk vxssruw ^=;>4‘1 Lqlwldoo|/ hyhu|erg| lv xqhpsor|hg/ vr vf @+ 3 >===>3,1 Zh zrun zlwk gurs0rxw
ghflvlrqv zkhq wkh glvfrxqw udwh lv 1</ dv lq wkh suhylrxv h{dpsohv1
Wkh h{shulphqw zh shuirup khuh lv wkh iroorzlqj1 Lq hdfk fdvh zh vxevlgl}h wzr djhqwv wr vwd| lq
wkh pdunhw ￿vlpso| e| orzhulqj wkhlu frvw f￿ wr 312H Wkh txhvwlrq lv zklfk wzr djhqwv zh vxevlgl}h1
Lq wkh qhwzrun/ hdfk djhqw kdv irxu frqqhfwlrqv1 Wkh qhwzrun vwuxfwxuh lv dv iroorzv1 Hdfk djhqw
kdv wkuhh olqnv ￿wzr lpphgldwh qhljkeruv dqg rqh wkdw lv voljkwo| ixuwkhu dzd|1 Wklv lv slfwxuhg
ehorz1
Iljxuh 9
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Wkh wdeoh surylghv wkh shufhqwdjh ri djhqwv zkr vwd| lq wkh qhwzrun dv d ixqfwlrq ri zkr lv
vxevlgl}hg +wzr djhqwv lq hdfk fdvh, dqg zkdw wkh udqjh ri frvwv +udqgrpo| gudzq, duh12b
Wdeoh <
Djhqwv Frvw Udqjh
Vxevlgl}hg =;3 wr 4 =;5 wr 4 =;7 wr 4 =;9 wr 4
4d q g5 85=< 6<17 5:1; 58=3
4d q g6 86=9 6<=7 5:=4 58=3
4d q g7 8:=5 76=7 5:=< 58=3
4d q g8 8:=< 76=; 5:=3 58=3
4d q g9 8:=< 7713 5:13 58=3
4d q g: 8:=4 7617 5:1; 58=3
4d q g; 86=8 6<=7 5:=4 58=3
6d q g7 8718 6<16 5914 58=3
6d q g: 8:1: 7619 5:17 58=3
6d q g; 89=5 75=< 5<=4 58=3
Wkhuh duh vrph lqwhuhvwlqj wklqjv wr qrwh1
Lq wkh kljkhvw frvw udqjh/ hyhq kdylqj rqh qhljkeru vwd| lq lv qrw hqrxjk wr lqgxfh dq djhqw wr
vwd|/ dqg vr wkh rqo| djhqwv vwd|lqj lq duh wkh vxevlgl}hg rqhv1 Khuh lw lv luuhohydqw zklfk djhqwv
duh vxevlgl}hg dv wkh| duh wkh rqo| rqhv vwd|lqj lq1
Lq wkh orzhvw wzr frvw udqjhv/ kdylqj rqh qhljkeru vwd| lq kdv d elj lpsdfw/ dqg vr vsuhdglqj
wkh vxevlglhv rxw kdv wkh pd{lpdo lpsdfw1 Djhqwv 4 dqg 8 duh rq rssrvlwh hqgv ri wkh flufoh dqg
kdyh qr gluhfw frqwdfw lq frpprq1 Vxevlgl}lqj djhqwv 4 dqg 8 wkxv dprxqwv iru vsuhdglqj vxevlglhv
rxw/ dqg lw lv lqghhg wkh ehvw srolf| lq whupv ri pd{lpl}lqj wkh qxpehu ri djhqwv zkr vwd| lq wkh
pdunhw zkhq wkh frvw lv dw lwv orzhvw ohyho1￿f Zkhq wkh frvw lv lq wkh 1;5 wr 4 udqjh/ zh ehjlq wr
vhh d voljkw fkdqjh/ zkhuh qrz vxevlgl}lqj djhqw 4 dqg 9 lv ehwwhu/ dqg wkhvh djhqwv duh voljkwo|
forvhu wrjhwkhu1
Wkh sodfhv zkhuh wklqjv idyru d gl￿huhqw vruw ri srolf| lv lq wkh plggoh udqjh ri frvwv1 Khuh frvwv
duh kljk hqrxjk vr wkdw lw lv txlwh olnho| wkdw dq djhqw zloo gurs rxw li vkh kdv rqo| rqh qhljkeru
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53zkr vwd|v lq/ exw lv ohvv olnho| li vkh kdv wzr qhljkeruv zkr vwd| lq/ dqg vr frqwdjlrq h￿hfwv duh
uhodwlyho| kljk1 Vsuhdglqj wkh vxevlglhv rxw wr djhqwv 4 dqg 8/ ru 6 dqg :/ hwf1/ grhv zruvh wkdq
kdylqj wkhp forvh wrjhwkhu +4 dqg 5/ 4 dqg 6/ 4 dqg 7, dqg wkh ehvw srvvleoh vxevlg| khuh lv ri wkh
irup 6 dqg ;1 Zkdw pdwwhuv lv wkh qxpehu ri frqwdfwv vxevlgl}hg djhqwv kdyh lq frpprq1 Djhqwv
6 dqg ; duh zhoo0sodfhg vlqfh erwk 4 dqg 5 duh frqqhfwhg wr erwk ri wkhp1 Wkxv/ wklv frqfhqwudwhv
vxevlglhv lq d zd| wkdw surylghv d kljk suredelolw| wkdw 4 dqg 5 zloo vwd| lq1 Zlwkrxw vxfk d
frqfhqwudwlrq ri vxevlglhv/ zh jhw d kljkhu gurs0rxw udwh1
Zkdw wklv vxjjhvwv lv wkdw/ lq ghvljqlqj vxevlg| ru d￿updwlyh dfwlrq surjudpv/ dwwhqwlrq wr
qhwzrun h￿hfwv lv lpsruwdqw1 Frqfhqwudwlqj h￿ruwv pruh orfdoo| fdq hqg xs kdylqj d kljkhu ru





Zkloh dv zh kdyh glvfxvvhg/ wkh prgho jhqhudwhv sdwwhuqv ri hpsor|phqw dqg gurs0rxwv wkdw duh
frqvlvwhqw zlwk wkh vw|ol}hg idfwv iurp d qxpehu ri vwxglhv/ rqh pljkw zdqw wr orrn dw vrph dggl0
wlrqdo dqg pruh gluhfw whvwv ri wkh prgho*v suhglfwlrqv1
Qrwh wkdw gurs0rxw udwhv dqg frqwdjlrq h￿hfwv ghshqg erwk rq wkh frvwv udqjhv dqg rq wkh
ydoxhv iru wkh duulydo udwh dqg euhdnxs udwh1 Vrph frpsdudwlyh vwdwlfv duh txlwh reylrxv= +4, dv
wkh h{shfwhg frvw lqfuhdvhv +uhodwlyh wr zdjhv,/ wkh gurs0rxw udwh lqfuhdvhv/ +5, dv wkh euhdnxs
udwh lqfuhdvhv/ wkh gurs0rxw udwh lqfuhdvh/ dqg +6, dv wkh duulydo udwh lqfuhdvhv/ wkh gurs0rxw udwh
ghfuhdvhv1 Krzhyhu/ wkhuh duh dovr vrph pruh vxewoh frpsdulvrqv wkdw fdq eh pdgh1
Iru lqvwdqfh/ ohw xv h{dplqh zkdw kdsshqv dv mre wxuqryhu lqfuhdvhv1 Khuh/ dv wkh duulydo dqg
euhdnxs udwhv duh erwk vfdohg xs e| wkh vdph idfwru/ zh fdq vhh wkh h￿hfwv rq wkh gurs0rxw udwhv1
Qrwh wkdw vxfk d fkdqjh ohdyhv wkh edvh hpsor|phqw udwh +wkdw ri dq lvrodwhg djhqw, xqfkdqjhg/
dqg vr wkh gl￿huhqfhv duh dwwulexwdeoh hqwluho| wr wkh qhwzrun h￿hfwv1 Wkh wdeoh ehorz sxoov rxw
ydulrxv uhvfdolqjv ri wkh duulydo dqg euhdnxs udwhv iru wkh wzr frvw udqjhv zkhq q @ 7 dqg djhqwv
duh uhodwhg wkurxjk d frpsohwh qhwzrun1 Dv ehiruh/ wkh ￿uvw ￿jxuh lv wkh gurs0rxw udwh dqg wkh
vhfrqg lv wkh dprxqw dwwulexwdeoh wr frqwdjlrq h￿hfwv1
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Dv zh fdq vhh/ kljkhu wxuqryhu udwhv +kljkhu uhvfdolqjv ri d dqg e, ohdg wr kljkhu gurs0rxw
udwhv1 Wkh lqwxlwlrq ehklqg wklv lv dv iroorzv1 Zlwk kljkhu wxuqryhu udwhv/ zkhq dq djhqw ehfrphv
xqhpsor|hg lw lv pruh olnho| wkdw vrph ri klv qhljkeruv duh xqhpsor|hg1 Wklv lv dfwxdoo| txlwh
vxewoh/ dv wkh edvh xqhpsor|phqw udwh kdv qrw fkdqjhg1 Krzhyhu/ kljkhu wxuqryhu pdnhv lw pruh
olnho| wkdw vhyhudo djhqwv orvh wkhlu mrev dw wkh vdph wlph/ dqg hqg xs frpshwlqj iru lqirupdwlrq1
54Wklv h￿hfw wkhq orzhuv wkh hpsor|phqw udwh/ zklfk lq wxuq ihhgv edfn dqg uhvxowv lq ohvv ydoxdeoh
frqqhfwlrqv1
Wklv h￿hfw surylghv iru d whvwdeoh lpsolfdwlrq= lqgxvwulhv zlwk kljkhu wxuqryhu udwhv/ doo hovh
khog htxdo/ vkrxog kdyh kljkhu gurs0rxw udwhv1 Rshudwlrqdol}lqj wklv uhtxluhv vrph fduh/ krzhyhu/
dv zh gr qrw prgho wkh fduhhu fkrlfhv iru zrunhuv ru dq htxloleulxp lq zdjhv1 Qrqhwkhohvv/ lw lv
fohdu wkdw wkh suhglfwlrq lv wkdw wkh zdjh wr hgxfdwlrq frvw udwlr pxvw eh uhodwlyho| kljkhu lq rughu
wr lqgxfh zrunhuv wr hqwhu fduhhuv zkhuh wkh wxuqryhu udwh lv kljk frpsduhg wr wkrvh zkhuh lw lv
orz/ hyhq diwhu fruuhfwlqj iru dq| ulvn0dyhuvlrq ru lqfrph vprrwklqj prwlyhv1
Ohw xv eulh￿| phqwlrq vrph rwkhu srvvleoh hpslulfdo whvwv ri wkh prgho1 Wr wkh h{whqw wkdw
gluhfw gdwd rq qhwzrun uhodwlrqvklsv lv dydlodeoh/ rqh fdq gluhfwo| whvw wkh prgho1 Lq idfw/ vxfk
lqirupdwlrq lq wkh irup ri vxuyh| gdwd +wkh Jhqhudo Vrfldo Vxuyh|, kdv ehhq xvhg h{whqvlyho| lq
wkh vrflrorj| olwhudwxuh dqg dovr lq frqmxqfwlrq zlwk zdjh gdwd +h1j1/ Wdvvlhu +5334,,1
Wkhuh duh dovr rwkhu whvwv wkdw duh srvvleoh1 Iru lqvwdqfh/ wkhuh lv gdwd frqfhuqlqj krz wkh
uholdqfh rq qhwzrunv iru ￿qglqj mrev ydulhv dfurvv surihvvlrqv/ djh dqg udfh jurxsv/ hwf1 +vhh wkh
wdeoh lq Prqwjrphu| +4<<4,/ iru lqvwdqfh/ wr vhh vrph gl￿huhqfhv dfurvv surihvvlrqv,1 Rxu prgho
wkhq suhglfwv wkdw wkh lqwhqvlw| ri foxvwhulqj/ gxudwlrq ghshqghqfh/ dqg gurs0rxw udwhv vkrxog dovr
ydu| dfurvv wkhvh vrflr0hfrqrplf jurxsv1 Pruhryhu/ hyhq zlwklq d vshfl￿f vrflr0hfrqrplf jurxs/






Dv zh kdyh phqwlrqhg vhyhudo wlphv/ zh wuhdw wkh qhwzrun vwuxfwxuh dv jlyhq/ h{fhsw wkdw zh frqvlghu
gurs0rxw ghflvlrqv1 Ri frxuvh/ shrsoh kdyh pruh vshfl￿f frqwuro ryhu zkrp wkh| vrfldol}h zlwk erwk
lq gluhfw fkrlfh ri wkhlu iulhqgvklsv/ dv zhoo dv wkurxjk pruh lqgluhfw phdqv vxfk dv hgxfdwlrq dqg
fduhhu fkrlfhv wkdw d￿hfw zkrp wkh| phhw dqg iudwhuql}h zlwk rq d uhjxodu edvlv1 H{dplqlqj
wkh qhwzrun irupdwlrq dqg hyroxwlrq surfhvv lq pruh ghwdlo frxog surylgh d ixoohu slfwxuh ri krz
wkh oderu pdunhw dqg wkh vrfldo vwuxfwxuh fr0hyroyh e| pxwxdoo| lq￿xhqflqj hdfk rwkhu= qhwzrun
frqqhfwlrqv vkdsh wkh oderu pdunhw rxwfrphv dqg/ lq wxuq/ duh vkdshg e| wkhp1￿￿
Lq dgglwlrq wr ixuwkhu hqgrjhql}lqj wkh qhwzrun/ zh fdq dovr orrn ghhshu ehklqg wkh lqirupd0
wlrq h{fkdqjh surfhgxuh1￿2 Wkhuh duh d zlgh ydulhw| ri h{sodqdwlrqv +hvshfldoo| lq wkh vrflrorj|
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55olwhudwxuh/ iru lqvwdqfh vhh Judqryhwwhu +4<<8,, iru zk| qhwzrunv duh lpsruwdqw lq mre pdunhwv1
Wkh h{sodqdwlrqv udqjh iurp dvvruwlyh pdwfklqj +hpsor|huv fdq ￿qg zrunhuv zlwk vlplodu fkdudf0
whulvwlfv e| vhdufklqj wkurxjk wkhp,/ wr lqirupdwlrq dv|pphwulhv +lq klulqj prghov zlwk dgyhuvh
vhohfwlrq,/ dqg vlpsoh lqvxudqfh prwlyhv +wr khos frsh zlwk wkh xqfhuwdlqw| gxh wr wkh oderu pdu0
nhw wxuqryhu,1 Lq hdfk gl￿huhqw flufxpvwdqfh ru vhwwlqj/ wkhuh pd| eh d gl￿huhqw lpshwxv ehklqg
wkh qhwzrun1 Wklv pd| lq wxuq ohdg wr gl￿huhqw fkdudfwhulvwlfv ri krz wkh qhwzrun lv vwuxfwxuhg
dqg krz lw rshudwhv1 Ghyhorslqj d ghhshu xqghuvwdqglqj dorqj wkhvh olqhv pljkw ixuwkhu h{sodlq
gl￿huhqfhv lq wkh lpsruwdqfh ri qhwzrunv dfurvv gl￿huhqw rffxsdwlrqv1
Dqrwkhu dvshfw ri fkdqjhv lq wkh qhwzrun ryhu wlph lv wkdw qhwzrun uhodwlrqvklsv fdq fkdqjh dv
zrunhuv duh xqhpsor|hg dqg orvh frqwdfw zlwk iruphu frqqhfwlrqv1 Orqj xqhpsor|phqw vshoov fdq
jhqhudwh d gh0vrfldol}dwlrq surfhvv ohdglqj wr d surjuhvvlyh uhprydo iurp oderu pdunhw rssruwxqlwlhv
dqg wr wkh irupdwlrq ri xqhpsor|phqw wudsv1 Wklv lv zruwk ixuwkhu lqyhvwljdwlrq1
Dqrwkhu lpsruwdqw dyhqxh iru h{whqvlrq ri wkh prgho lv wr hqgrjhql}h wkh oderu pdunhw htxlole0
ulxp vr wkdw wkh suredelolw| ri khdulqj derxw d mre ghshqgv rq wkh fxuuhqw ryhudoo hpsor|phqw dqg
zdjhv duh htxloleulxp rqhv1 Wklv zrxog ehjlq wr jlyh lqvljkwv lqwr krz qhwzrun vwuxfwxuh lq￿xhqfhv
htxloleulxp vwuxfwxuh1
Ilqdoo|/ zh srlqw rxw wkdw dowkrxjk rxu irfxv lq wklv sdshu lv rq oderu pdunhwv/ wklv prgho fdq
hdvlo| eh dgdswhg wr rwkhu vruwv ri ehkdylruv zkhuh vrfldo qhwzrunv sod| d nh| uroh lq lqirupdwlrq
wudqvplvvlrq1 Dq h{dpsoh lv zkhwkhu ru qrw lqglylgxdov wdnh dgydqwdjh ri fhuwdlq dydlodeoh zhoiduh
surjudpv1 Uhfhqw vwxglhv e| Ehuwudqg/ Oxwwphu/ dqg Pxoodqdlwkdq +5333, dqg Dl}hu dqg Fxuulh
+5335, srlqw wr wkh lpsruwdqfh ri vrfldo qhwzrunv lq vxfk frqwh{wv1
(	
^4‘ Dl}hu/ D1 dqg M1 Fxuulh +5335, _Qhwzrunv/ Qhljkerukrrgv/ dqg wkh Xwlol}dwlrq ri Sxeolfo|0
Ixqghg Suhqdwdo Fduh lq Fdoliruqld/% plphr XFOD1
^5‘ Dnhuori/ J1D1 +4<<:, _Vrfldo Glvwdqfh dqg Vrfldo Ghflvlrqv/% Hfrqrphwulfd/ 98/ ss 43380435;1
^6‘ Dolsudqwlv F1G1 dqg N1F1 Erughu +5333, Lq￿qlwh Glphqvlrqdo Dqdo|vlv/ Vsulqjhu0Yhuodj1
^7‘ Duurz/ N1 +4<:5d, _Prghov ri Mre Glvfulplqdwlrq/% lq D1 Sdvfdo Udfldo Glvfulplqdwlrq lq
Hfrqrplf Olih/ Oh{lqjwrq Errnv= Oh{lqjwrq PD1
^8‘ Duurz/ N1 +4<:5e, _Vrph Pdwkhpdwlfdo Prghov ri Udfh lq wkh Oderu Pdunhw/% lq D1 Sdvfdo
Udfldo Glvfulplqdwlrq lq Hfrqrplf Olih/ Oh{lqjwrq Errnv= Oh{lqjwrq PD1
^9‘ Duurz/ N1 dqg U1 Eru}hnrzvnl +5333, _Olplwhg Qhwzrun Frqqhfwlrqv dqg wkh Glvwulexwlrq ri
Zdjhv/% plphr= Vwdqirug Xqlyhuvlw|1
^:‘ Ehfnhu/ J1 +4<8:, Wkh Hfrqrplfv ri Glvfulplqdwlrq/ Xqlyhuvlw| ri Fklfdjr Suhvv/ Fklfdjr1
56^;‘ Ehuwudqg/ P1/ H1I1S1 Oxwwphu/ dqg V1 Pxoodlqdwkdq +5333, _Qhwzrun H￿hfwv dqg Zhoiduh
Fxowxuhv/% Txduwhuo| Mrxuqdo ri Hfrqrplfv 448/ 434<043891
^<‘ Eodqfkdug/ R1M1 dqg S1 Gldprqg +4<<7, _Udqnlqj/ Xqhpsor|phqw Gxudwlrq dqg Zdjhv%/
Uhylhz ri Hfrqrplf Vwxglhv 94/ 74:07671
^43‘ Errupdq/ V1D1 +4<:8, _D Frpelqdwruldo Rswlpl}dwlrq Prgho iru Wudqvplvvlrq ri Mre Lqiru0
pdwlrq Wkurxjk Frqwdfw Qhwzrunv/% Ehoo Mrxuqdo ri Hfrqrplfv 9/ 549057<1
^44‘ Eurfn/ Z1 dqg V1 Gxuodxi +5334, _Lqwhudfwlrq0Edvhg Prghov/% iruwkfrplqj lq Wkh Kdqgerrn
ri Hfrqrphwulfv/ yro1 8/ M1M1 Khfnpdq dqg H1 Ohdphu/ Hglwruv1
^45‘ Exuw/ U1V1 +4<<5, Vwuxfwxudo Krohv= Wkh Vrfldo Vwuxfwxuh ri Frpshwlwlrq/ Kduydug Xqlyhuvlw|
Suhvv1
^46‘ Fdoy￿ r0Duphqjro/ D1 +5333, _Mre Frqwdfw Qhwzrunv/% iruwkfrplqj lq Mrxuqdo ri Hfrqrplf
Wkhru|/ kwws=22vhohqh1xde1hv2dfdoyr2mreqhw1sgi
^47‘ Fdoy￿ r0Duphqjro/ D1 dqg P1R1 Mdfnvrq +5336, _Qhwzrunv lq Oderu Pdunhwv= Zdjh dqg Hp0
sor|phqw G|qdplfv dqg Lqhtxdolw|/% plphr= Fdowhfk dqg Xqlyhuvlwdw Dxw￿ rqrpd gh Edufhorqd/
kwws=22zzz1kvv1fdowhfk1hgx2￿mdfnvrqp2g|qjhq1sgi
^48‘ Fdug/ G1 dqg Nuxhjhu +4<<5, _Vfkrro Txdolw| dqg Eodfn0Zklwh Uhodwlyh Hduqlqjv= D Gluhfw
Dvvhvvphqw/% Txduwhuo| Mrxuqdo ri Hfrqrplfv/ 48405331
^49‘ Fkdqgud/ D1 +5333, _Oderu0Pdunhw Gursrxwv dqg wkh Udfldo Zdjh Jds= 4<7304<<3/% Dphulfdq
Hfrqrplf Uhylhz/ Sdshuv dqg Surfhhglqjv/ 666066;1
^4:‘ Frqoh|/ W1J1/ dqg J1 Wrsd +5334, _Vrflr0Hfrqrplf Glvwdqfh dqg Vsdwldo Sdwwhuqv lq Xqhp0
sor|phqw/% plphr= Q\X1
^4;‘ Gdulw|/ Z1D1 dqg S1O1 Pdvrq +4<<;, _Hylghqfh rq Glvfulplqdwlrq lq Hpsor|phqw= Frghv ri
Froru/ Frghv ri Jhqghu/% Mrxuqdo ri Hfrqrplf Shuvshfwlyhv 45/ 960<31
^4<‘ Gxuodxi/ V1 +4<<9, _D Wkhru| ri Shuvlvwhqw Lqfrph Lqhtxdolw|/% Mrxuqdo ri Hfrqrplf Jurzwk
4/ :80<61
^53‘ Gxwwd/ E1/ dqg P1R1 Mdfnvrq +5336, _Rq wkh Irupdwlrq ri Qhwzrunv dqg Jurxsv/% Lqwurgxf0
wru| fkdswhu lq Qhwzrunv dqg Jurxsv= Prghov ri Vwudwhjlf Irupdwlrq/ hglwhg e| E1 Gxwwd dqg
P1R1 Mdfnvrq/ Vsulqjhu0Yhuodj= Khlghoehuj1
^54‘ Hvdu|/ M1G1/ I1 Survfkdq/ dqg G1Z1 Zdonxs +4<9:, _Dvvrfldwlrq ri Udqgrp Yduldeohv/ zlwk
Dssolfdwlrqv/% Dqqdov ri Pdwkhpdwlfdo Vwdwlvwlfv 6;/ 4799047:71
^55‘ Iduoh|/ U1 +4<<3, _Eodfnv/ Klvsdqlfv/ dqg Zklwh Hwkqlf Jurxsv= Duh Eodfnv Xqltxho| Glvdg0
ydqwdjhgB/% Dphulfdq Hfrqrplf Uhylhz/ Sdshuv dqg Surfhhglqjv ;3/ 56:05741
57^56‘ Iolqq/ F1 dqg M1 Khfnpdq +4<;5, _Qhz Phwkrgv iru Dqdo|}lqj Vwuxfwxudo Prghov ri Oderu
Irufh G|qdplfv/% Mrxuqdo ri Hfrqrphwulfv 4;/ 448049;1
^57‘ Iuhlgolq/ P1 dqg D1 Zhqw}ho +4<;7, Udqgrp Shuwxuedwlrqv ri G|qdplfdo V|vwhpv/ Vsulqjhu0
Yhuodj/ Qhz0\run1
^58‘ Jr|do/ V1 +5336, _Ohduqlqj lq Qhwzrunv/% iruwkfrplqj lq Jurxs Irupdwlrq lq Hfrqrplfv= Qhw0
zrunv/ Foxev/ dqg Frdolwlrqv/ hglwhg e| J1 Ghpdqjh dqg P1 Zrrghuv/ Fdpeulgjh Xqlyhuvlw|
Suhvv= Fdpeulgjh1
^59‘ Judqryhwwhu/ P1 +4<:6, _Wkh Vwuhqjwk ri Zhdn Wlhv/% Dphulfdq Mrxuqdo ri Vrflrorj| :;/
4693046;31
^5:‘ Judqryhwwhu/ P1 ^4<:7‘+4<<8, Jhwwlqj d Mre= D Vwxg| ri Frqwdfwv dqg Fduhhuv/5 ?_ hglwlrq/
Xqlyhuvlw| ri Fklfdjr Suhvv= Fklfdjr1
^5;‘ Khfnpdq/ M1M1 +4<<;, _Ghwhfwlqj Glvfulplqdwlrq/% Mrxuqdo ri Hfrqrplf Shuvshfwlyhv 45/ 4340
4491
^5<‘ Khfnpdq/ M1M1 dqg J1 Erumdv +4<;3, _Grhv Xqhpsor|phqw Fdxvh Ixwxuh Xqhpsor|phqwB
Gh￿qlwlrqv/ Txhvwlrqv dqg Dqvzhuv iurp d Frqwlqxrxv Wlph Prgho ri Khwhurjhqhlw| dqg
Vwdwh Ghshqghqfh/% Hfrqrplfd 7:/ 57:05;61
^63‘ Khfnpdq/ M1/ W1P1 O|rqv dqg S1H1 Wrgg +5333, _Xqghuvwdqglqj Eodfn0Zklwh Zdjh Gl￿huhq0
wldov/ 4<9304<<3/% Dphulfdq Hfrqrplf Uhylhz/ Sdshuv dqg Surfhhglqjv/ 677067<1
^64‘ Mdfnvrq/ P1R1 +5336, _D Vxuyh| ri Prghov ri Qhwzrun Irupdwlrq= Vwdelolw| dqg H￿0
flhqf|/% iruwkfrplqj lq Jurxs Irupdwlrq lq Hfrqrplfv= Qhwzrunv/ Foxev/ dqg Frdolwlrqv/
hglwhg e| Jdeulhooh Ghpdqjh dqg P|uqd Zrrghuv/ Fdpeulgjh Xqlyhuvlw| Suhvv= Fdpeulgjh/
kwws=22zzz1kvv1fdowhfk1hgx2￿mdfnvrqp2qhwvxuy1sgi
^65‘ Olq/ Q1 dqg P1 Gxplq +4<;9, _Dffhvv wr Rffxsdwlrqv wkurxjk Vrfldo Wlhv/% Vrfldo Qhwzrunv
;/ 69806;81
^66‘ Orxu|/ J1F1 +4<;4, _Lqwhujhqhudwlrqdo Wudqvihuv dqg wkh Glvwulexwlrq ri Hduqlqjv/% Hfrqrphw0
ulfd 7</ ;760;9:1
^67‘ O|qfk/ O1 +4<;<, _Wkh \rxwk Oderu Pdunhw lq wkh Hljkwlhv= Ghwhuplqdqwv ri Uh0hpsor|phqw
Suredelolwlhv iru \rxqj Phq dqg Zrphq/% Uhylhz ri Hfrqrplfv dqg Vwdwlvwlfv :4/ 6:0871
^68‘ PfFdoo/ M1 +4<:5, _Wkh Vlpsoh Pdwkhpdwlfv ri Lqirupdwlrq/ Mre Vhdufk/ dqg Suhmxglfh/% lq
D1 Sdvfdo Udfldo Glvfulplqdwlrq lq Hfrqrplf Olih/ Oh{lqjwrq Errnv= Oh{lqjwrq PD1
^69‘ Prqwjrphu|/ M1 +4<<7, _Zhdn Wlhv/ Hpsor|phqw/ dqg Lqhtxdolw|= Dq Htxloleulxp Dqdo|vlv/%
Dphulfdq Mrxuqdo ri Vrflrorj| <</ 454504569
58^6:‘ Prqwjrphu|/ M1 +4<<5, _Mre Vhdufk dqg Qhwzrun Frpsrvlwlrq= Lpsolfdwlrqv ri wkh Vwuhqjwk0
ri0Zhdn0Wlhv K|srwkhvlv/% Dphulfdq Vrflrorjlfdo Uhylhz 8:/ 8;908<9
^6;‘ Prqwjrphu|/ M1 +4<<4, _Vrfldo Qhwzrunv dqg Oderu Pdunhw Rxwfrphv= Wrzdug dqg Hfrqrplf
Dqdo|vlv/% Dphulfdq Hfrqrplf Uhylhz ;4/ 473;0474;
^6<‘ Qhdo/ G1D1 dqg Z1U1 Mrkqvrq +4<<9, _Wkh Uroh ri Suhpdunhw Idfwruv lq Eodfn0 Zklwh Zdjh
Gl￿huhqfhv/% Mrxuqdo ri Srolwlfdo Hfrqrp| 437/ ;9<0;<81
^73‘ Sdjh/ I1 +5336, _Iduvljkwhg Vwdelolw| lq Qhwzrun irupdwlrq/% iruwkfrplqj lq Jurxs Irupdwlrq
lq Hfrqrplfv= Qhwzrunv/ Foxev/ dqg Frdolwlrqv/ hglwhg e| J1 Ghpdqjh dqg P1 Zrrghuv/
Fdpeulgjh Xqlyhuvlw| Suhvv= Fdpeulgjh1
^74‘ Slvvdulghv/ F1D1 +4<<5, _Orvv ri Vnloo Gxulqj Xqhpsor|phqw dqg wkh Shuvlvwhqfh ri Hpsor|0
phqw Vkrfnv/% Txduwhuo| Mrxuqdo ri Hfrqrplfv 43:/ 46:4046<:1
^75‘ Uhhv/ D1 +4<99, _Lqirupdwlrq Qhwzrunv lq Oderu Pdunhwv/% Dphulfdq Hfrqrplf Uhylhz 89/
88<08991
^76‘ Vfkhoolqj/ W1 +4<:4, _G|qdplfv Prghov ri Vhjuhjdwlrq/% Mrxuqdo ri Pdwkhpdwlfdo Vrflrorj| 4/
47604;91
^77‘ Skhosv/ H1 +4<:5, _Wkh Vwdwlvwlfdo Wkhru| ri Udflvp dqg Vh{lvp/% Dphulfdq Hfrqrplf Uhylhz
95/ 98<09941
^78‘ Vplwk dqg Zhofk +4<;<, _Eodfn Hfrqrplf Surjuhvv diwhu P|ugdo/% Mrxuqdo ri Hfrqrplf Olw0
hudwxuh 5:/ 84<08971
^79‘ Vfkzhlw}hu/ V1 dqg U1 Vplwk +4<:7, _Wkh Shuvlvwhqfh ri wkh Glvfrxudjh Zrunhu H￿hfw/% Lqgxv0
wuldo dqg Oderu Uhodwlrqv Uhylhz 5:/ 57<0593
^7:‘ V}hnol/ U1 +4<<8, Vwrfkdvwlf Rughulqj dqg Ghshqghqfh lq Dssolhg Suredelolw|/ Vsulqjhu0Yhuodj
+Ohfwxuh Qrwhv lq Vwdwlvwlfv & <:,/ Qhz \run1
^7;‘ Wdvvlhu/ W1 +5334, _Oderu Pdunhw Lpsolfdwlrqv ri wkh Euhdgwk ri Zhdn Wlhv/% plphr= Xqlyhu0
vlw| ri Lrzd1
^7<‘ Wrsd +5334, _Vrfldo Lqwhudfwlrqv/ Orfdo Vslooryhuv dqg Xqhpsor|phqw/% Uhylhz ri Hfrqrplf
Vwxglhv 9;/ 59405<81
^83‘ Wrsnlv/ G1 +4<:<, _Htxloleulxp srlqwv lq qrq}hur0vxp q￿shuvrq vxeprgxodu jdphv/% VLDP
Mrxuqdo ri Frqwuro dqg Rswlpl}dwlrq 4:/ ::60:;:1
^84‘ ydq ghq Qrxzhodqg/ D1 +5336, _Vwdwlf Qhwzrunv dqg Frdolwlrq Irupdwlrq/% iruwkfrplqj lq
Jurxs Irupdwlrq lq Hfrqrplfv= Qhwzrunv/ Foxev/ dqg Frdolwlrqv/ hglwhg e| J1 Ghpdqjh dqg
P1 Zrrghuv/ Fdpeulgjh Xqlyhuvlw| Suhvv= Fdpeulgjh1
59^85‘ Ylvkzdqdwk/ W1 +4<;<, _Mre Vhdufk/ Vwljpd H￿hfw/ dqg Hvfdsh Udwh iurp Xqhpsor|phqw/%
Mrxuqdo ri Oderu Hfrqrplfv :/ 7;:08351
^86‘ Zdwwv/ G1M1 dqg V1K1 Vwurjdw} +4<<;, _Froohfwlyh G|qdplfv ri cVpdoo0Zruog* Qhwzrunv/% Qd0
wxuh 6<6 +7 Mxqh,/ 7730775
^87‘ Zuljkw/ U1 +4<;9, _Mre Vhdufk dqg F|folfdo Xqhpsor|phqw/% Mrxuqdo ri Srolwlfdo Hfrqrp|
<7/ 6;~881
^88‘ \rxqj/ K1S1 +4<<6, _Wkh Hyroxwlrq ri Frqyhqwlrqv/% Hfrqrphwulfd 94/ 8:0;71
Dsshqgl{
Zh ￿uvw surylgh vrph gh￿qlwlrqv wkdw duh qhfhvvdu| iru wkh surriv wkdw iroorz1 Khuh zh vshfldol}h
wkh gh￿qlwlrqv wr udqgrp yhfwruv V @ V￿>===>V ? zkrvh frpsrqhqwv wdnh rq ydoxhv ri 3 ru 41 Zh
iroorz wkh frqyhqwlrq ri uhsuhvhqwlqj udqgrp yduldeohv e| fdslwro ohwwhuv dqg uhdol}dwlrqv e| vpdoo
ohwwhuv1
Dvvrfldwlrq
Zkloh ￿uvw rughu vwrfkdvwlf grplqdqfh lv zhoo vxlwhg iru fdswxulqj glvwulexwlrqv ryhu d vlqjoh
djhqw*v vwdwxv/ zh qhhg d ulfkhu wrro iru glvfxvvlqj lqwhuuhodwlrqvklsv ehwzhhq d qxpehu ri djhqwv
dw rqfh/ dqg wklv lv qhhghg lq wkh surriv wkdw iroorz1 Wkh iroorzlqj gh￿qlwlrq lv ￿uvw gxh wr Hvdu|/
Survfkdq/ dqg Zdonxs +4<9:,1
Ohw ￿ eh d mrlqw suredelolw| glvwulexwlrq ghvfulelqj V1
￿ lv dvvrfldwhg li Fry>+i>j, ￿ 3 iru doo sdluv ri qrq0ghfuhdvlqj ixqfwlrqv i = i3>4j? $ LU dqg
j = i3>4j? $ LU / zkhuh Fry+i>j, lv wkh fryduldqfh H>^i+V,j+V,‘ ￿ H>^i+V,‘H>^j+V,‘1
Li V￿>===>V ? duh wkh udqgrp yduldeohv ghvfulehg e| d phdvxuh ￿ wkdw lv dvvrfldwhg/ wkhq zh vd|
wkdw V￿>===>V ? duh dvvrfldwhg1 Qrwh wkdw dvvrfldwlrq ri ￿ lpsolhv wkdw V￿ dqg V￿ duh qrq0qhjdwlyho|
fruuhodwhg iru dq| l dqg m1 Hvvhqwldoo|/ dvvrfldwlrq lv d zd| ri vd|lqj wkdw doo glphqvlrqv ri V duh
qrq0qhjdwlyho| lqwhuuhodwhg1￿￿
Vwurqj Dvvrfldwlrq
Dv zh riwhq zdqw wr hvwdeolvk vwulfwo| srvlwlyh uhodwlrqvklsv/ dqg qrw mxvw qrq0qhjdwlyh rqhv/ zh
qhhg wr gh￿qh d vwurqj yhuvlrq ri dvvrfldwlrq1 Vlqfh srvlwlyh fruuhodwlrqv fdq rqo| krog ehwzhhq
djhqwv zkr duh sdwk0frqqhfwhg/ zh qhhg wr gh￿qh d yhuvlrq ri vwurqj dvvrfldwlrq wkdw uhvshfwv vxfk
d uhodwlrqvkls1
Frqvlghu d sduwlwlrq ￿ ri i4>===>qj wkdw fdswxuhv zklfk udqgrp yduldeohv pljkw eh srvlwlyho|
uhodwhg> zklfk khuh zloo eh ghwhuplqhg e| wkh frpsrqhqwv ri wkh judsk j1
￿￿A￿￿t ￿t t|￿** @ ￿i@!ih UL?UiT| |￿@? @￿*￿@|￿L?c ￿￿￿U￿ hi^￿￿hit @ttLU￿@|￿L? uLh @** UL?_￿|￿L?@*t￿ W| ￿t ￿4Tih@|￿￿i |￿@|
￿i ￿Lh! ￿￿|￿ |￿i ￿i@!ih ?L|￿L? @t @￿*￿@|￿L? ￿￿** ?L| ￿L*_ ￿? L￿h ti||￿?}￿
5:D suredelolw| glvwulexwlrq ￿ jryhuqlqj V lv vwurqjo| dvvrfldwhg uhodwlyh wr wkh sduwlwlrq ￿ li lw
lv dvvrfldwhg/ dqg iru dq| ￿ 5 ￿ dqg qrqghfuhdvlqj ixqfwlrqv i dqg j
Fry> +i>j, A 3
zkhqhyhu wkhuh h{lvw l dqg m vxfk wkdw i lv lqfuhdvlqj lq v￿ iru doo v3￿/ j lv lqfuhdvlqj lq v￿ iru doo
v3￿/d q gl dqg m duh lq ￿1
Rqh lpsolfdwlrq ri vwurqj dvvrfldwlrq lv wkdw V￿ dqg V￿ duh srvlwlyho| fruuhodwhg iru dq| l dqg
m lq ￿1
Grplqdwlrq
Frqvlghu wzr suredelolw| glvwulexwlrqv ￿ dqg ￿1
￿ grplqdwhv ￿ li
H>^i‘ ￿ HD ^i‘
iru hyhu| qrq0ghfuhdvlqj ixqfwlrq i = i3>4j? $ LU 1 Wkh grplqdwlrq lv vwulfw li vwulfw lqhtxdolw|
krogv iru vrph qrq0ghfuhdvlqj i1
Grplqdwlrq fdswxuhv wkh lghd wkdw _kljkhu% uhdol}dwlrqv ri wkh vwdwh duh pruh olnho| xqghu ￿
wkdq xqghu ￿1 Lq wkh fdvh zkhuh q @ 4/ grplqdwlrq uhgxfhv wr ￿uvw rughu vwrfkdvwlf grplqdqfh1
Ohppd 8 Frqvlghu wzr suredelolw| glvwulexwlrqv ￿ dqg ￿ rq i3>4j?1 ￿ grplqdwhv ￿ li dqg rqo|
li wkhuh h{lvwv d Pdunry wudqvlwlrq ixqfwlrq ! = i3>4j? $S+i3>4j?, +zkhuh S+i3>4j?, l vv h wr id o o





zkhuh ! lv d glodwlrq +wkdw lv !rr￿ A 3 lpsolhv wkdw v￿ ￿ v,1 Vwulfw grplqdwlrq krogv li !rr￿ A 3 iru
vrph v￿ 9@ v1
Wkxv/ ￿ lv ghulyhg iurp ￿ e| d vkliwlqj ri pdvv _xszdugv% +xqghu wkh sduwldo rughu ￿,r y h u
vwdwhv lq V1 Wklv Ohppd iroorzv iurp Wkhruhp 4;173 lq Dolsudqwlv dqg Erughu +5333,1
Ohw H @ iH ￿i 3>4j? m v 5 H>v￿ ￿ v , v￿ 5 Hj= H lv wkh vhw ri vxevhwv ri vwdwhv vxfk wkdw
li rqh vwdwh lv lq wkh hyhqw wkhq doo vwdwhv zlwk dw ohdvw dv kljk hpsor|phqw vwdwxv +shuvrq e|
shuvrq, duh dovr lq1 Yduldwlrqv ri wkh iroorzlqj xvhixo ohppd dsshdu lq wkh vwdwlvwlfv olwhudwxuh
+h1j1/ vhh Vhfwlrq 616 lq Hvdu|/ Survfkdq/ dqg Zdonxs +4<9:,,1 D surri ri wklv yhuvlrq fdq eh irxqg
lq Fdoyr0Duphqjro dqg Mdfnvrq +5336,1
Ohppd 9 Frqvlghu wzr suredelolw| glvwulexwlrqv ￿ dqg ￿ rq i3>4j?1
￿+H, ￿ ￿ +H,
iru hyhu| H 5H / li dqg rqo| li ￿ grplqdwhv ￿1 Vwulfw grplqdwlrq krogv li dqg rqo| li wkh ￿uvw
lqhtxdolw| lv vwulfw iru dw ohdvw rqh H 5H1 Wkh suredelolw| phdvxuh ￿ lv dvvrfldwhg li dqg rqo| li
￿+HH￿, ￿ ￿+H,￿+H￿,
5;iru hyhu| H dqg H￿ 5H1 Wkh dvvrfldwlrq lv vwurqj +uhodwlyh wr ￿, li wkh lqhtxdolw| lv vwulfw zkhqhyhu
H dqg H￿ duh erwk vhqvlwlyh wr vrph ￿ 5 ￿1￿e
Wkh surri ri wkh iroorzlqj ohppd lv vwudljkwiruzdug dqg rplwwhg1
Ohppd : Ohw ￿ eh dvvrfldwhg dqg kdyh ixoo vxssruw rq ydoxhv ri V1L ii lv qrq0ghfuhdvlqj dqg lv
lqfuhdvlqj lq V￿ iru vrph l/d q gj lv d qrq0ghfuhdvlqj ixqfwlrq zklfk lv lqfuhdvlqj lq V￿ iru vrph
m/ dqg Fry>+V￿>V ￿, A 3/w k h qF r y >+i>j, A 31
Il{ P @+ j>d>e,1 Ohw SA ghqrwh wkh pdwul{ ri wudqvlwlrqv ehwzhhq gl￿huhqw v*v xqghu wkh
W0shulrg vxeglylvlrq PA @+ j>d@W>e@W,1 Vr SA
rr￿ lv wkh suredelolw| wkdw V| @ v￿ frqglwlrqdo rq





Ohppd ; Frqvlghu dq hfrqrp| P @ +j>d>e,1 Frqvlghu v￿ 5 V dqg v 5 V vxfk wkdw v￿ ￿ v/d q g




Pruhryhu/ li v￿ 9@ v/ wkhq wkh lqhtxdolw| lv vwulfw iru dw ohdvw rqh H1
Surri ri Ohppd ;= Ohw xv vd| wkdw wzr vwdwhv v￿ dqg v duh dgmdfhqw li wkhuh h{lvwv c vxfk wkdw
v￿
3￿ @ v3￿ dqg v￿
￿ Av ￿ +wkdw lv/ v￿
￿ @4d q gv￿ @3 ,1 Zh vkrz wkdw SA
r￿. ￿ SA
r. iru dgmdfhqw v dqg v￿/
dv wkh vwdwhphqw wkhq iroorzv iurp d fkdlq ri frpsdulvrqv dfurvv vxfk v￿ dqg v1
Ohw c eh vxfk wkdw v￿
￿ Av ￿1 E| dgmdfhqf|/ v￿
￿ @ v￿/ iru doo l 9@ c1
Vlqfh v￿
& @ v& iru doo n 9@ c/ lw iroorzv e| rxu gh￿qlwlrq ri s￿￿+v, wkdw s￿￿+v￿, ￿ s￿￿+v, iru doo m 9@ c
dqg iru doo l1 Wkhvh lqhtxdolwlhv lpso| wkdw SureA
r￿+V3￿c|, grplqdwhv SureA
r +V3￿c|,/ zkhuh SureA
r lv
wkh suredelolw| glvwulexwlrq frqglwlrqdo rq V|3￿ @ v1 Jlyhq wkdw 4 @ v￿
￿ Av ￿ @3 /z hw k h qk d y h
wkdw SureA
r￿+V|, grplqdwhv SureA
r +V|,1 Wkh frqfoxvlrq wkdw SA
r￿. ￿ SA
r. iroorzv iurp Ohppd 91
Wr vhh wkh vwulfw grplqdwlrq/ frqvlghu H @ ih vmh v￿ ￿ v￿
￿j1 Vlqfh wkhuh lv d srvlwlyh suredelolw|
wkdw c khduv 3 r￿huv xqghu v/ wkh lqhtxdolw| lv vwulfw1
Jlyhq d phdvxuh ￿ rq i3>4j?/o h w￿SA ghqrwh wkh phdvxuh lqgxfhg e| pxowlso|lqj wkh +4 ￿ q,
yhfwru ￿ e| wkh +q ￿ q, wudqvlwlrq pdwul{ SA1 Wklv lv wkh glvwulexwlrq ryhu vwdwhv lqgxfhg e| d
vwduwlqj glvwulexwlrq ￿ pxowlsolhg e| wkh wudqvlwlrq suredelolwlhv SA1
Ohppd < Frqvlghu dq hfrqrp| P @ +j>d>e, dqg wzr phdvxuhv ￿ dqg ￿ rq V1 Iru doo W/l i￿
grplqdwhv ￿/ wkhq ￿SA grplqdwhv ￿SA1 Pruhryhu/ li ￿ vwulfwo| grplqdwhv ￿/ wkhq ￿SA vwulfwo|
grplqdwhv ￿SA1
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r. +￿r ￿ ￿r,=
























Dv wkh vhfrqg whup ghshqgv rqo| rq v/ zh uhzulwh wkdw vxp rq v￿ vr zh rewdlq











Vlqfh ! lv d glodwlrq/ !r￿r A 3 rqo| li v ￿ v￿1 Vr/ zh fdq vxp ryhu v ￿ v￿=













Ohppd ; lpsolhv wkdw SA
r. ￿ SA
r￿. zkhqhyhu v ￿ v￿1 Wkxv vlqfh !r￿r ￿ 3d q g
S
rDr￿ !r￿r @4 > wkh
uhvxow iroorzv1
Vxssrvh wkdw ￿ vwulfwo| grplqdwhv ￿1 Lw iroorzv iurp Ohppd 8 wkdw wkhuh h{lvwv vrph v 9@ v￿
vxfk wkdw !r￿r A 31 E| Ohppd ;/ wkhuh h{lvwv vrph H 5Hvxfk wkdw SA
r. ASA
r￿.1W k h q^￿SA‘+H, A
^￿SA‘+H, iru vxfk H/ lpso|lqj +e| Ohppd 9, wkdw ￿SA vwulfwo| grplqdwhv ￿SA1
Zh suryh Sursrvlwlrqv 4 dqg Sursrvlwlrq 5 iroorzv1
Surri ri Sursrvlwlrq 4= Vlqfh SA uhsuhvhqwv dq luuhgxfleoh dqg dshulrglf Pdunry fkdlq/ lw kdv d
xqltxh vwhdg|0vwdwh glvwulexwlrq wkdw zh ghqrwh e| ￿A1 Wkh vwhdg|0vwdwh glvwulexwlrqv ￿A frqyhujh
wr d xqltxh olplw glvwulexwlrq +vhh \rxqj +4<<6,,/ zklfk zh ghqrwh ￿W1
Ohw S
A eh wkh wudqvlwlrq pdwul{ zkhuh wkh surfhvv lv prgl￿hg dv iroorzv1 Ohw s￿ +v, @
S
￿M￿ s￿￿+v,1
Vwduwlqj lq vwdwh v/ lq wkh klulqj skdvh hdfk djhqw l khduv derxw d qhz mre +d q gd wp r v wr q h , zlwk
suredelolw| s￿+v,@W dqg wklv lv lqghshqghqw ri zkdw kdsshqv wr rwkhu djhqwv/ zkloh wkh euhdnxs
skdvh lv dv ehiruh zlwk lqghshqghqw suredelolwlhv e@W ri orvlqj mrev1 Ohw ￿A eh wkh dvvrfldwhg +djdlq
xqltxh, vwhdg| vwdwh glvwulexwlrq/ dqg ￿W @ olpA ￿A +zklfk lv zhoo0gh￿qhg dv vkrzq lq wkh surri ri
Fodlp 4 ehorz,1
Wkh iroorzlqj fodlpv hvwdeolvk wkh wkhruhp1
￿,B￿6 4 ￿W @ ￿W1
￿,B￿6 5 ￿W lv vwurqjo| dvvrfldwhg1
63Wkh iroorzlqj ohppd lv xvhixo lq wkh surri ri Fodlp 41
Ohw S eh d wudqvlwlrq pdwul{ iru dq dshulrglf/ luuhgxfleoh Pdunry fkdlq rq d ￿qlwh0vwdwh vsdfh
]1 Iru dq| } 5 ]/o h wd}0wuhh eh d gluhfwhg judsk rq wkh vhw ri yhuwlfhv ]/ zlwk d xqltxh gluhfwhg








Ohppd 43 Iuhlgolq dqg Zhqw}ho +4<;7,￿D= Li S lv d wudqvlwlrq pdwul{ iru dq dshulrglf/ luuhgxfleoh





zkhuh s5 lv dv lq +4, deryh1
Surri ri Fodlp 4= Jlyhq v 5 V/ zh frqvlghu d vshfldo vxevhw ri wkh vhw ri Wr/ zklfk zh ghqrwh
W W
r 1 Wklv lv wkh vhw ri v0wuhhv vxfk wkdw li v￿ lv gluhfwhg wr v￿￿ xqghu wkh wuhh ￿/ wkhq v￿ dqg v￿￿ duh
dgmdfhqw1 Dv SA
r￿cr￿￿ jrhv wr 3 dw wkh udwh 4@W zkhq v￿ dqg v￿￿ duh dgmdfhqw/￿S dqg rwkhu wudqvlwlrq
suredelolwlhv jr wr 3 dw d udwh ri dw ohdvw 4@W2/ lw iroorzv iurp Ohppd 43 wkdw iru odujh hqrxjk W

















Pruhryhu/ qrwh wkdw iru odujh W dqg dgmdfhqw v￿ dqg v￿￿/ SA
r￿r￿￿ lv hlwkhu e@W .r+4@W2, +zkhq v￿
￿ Av ￿￿
￿
iru vrph l, ru s￿+v￿,@W . r+4@W2, +zkhq v￿
￿ ?v ￿￿
￿ iru vrph l,/ zkhuh r+4@W2, lqglfdwhv d whup wkdw
jrhv wr }hur dw wkh udwh ri 4@W21 Iru dgmdfhqw v￿ dqg v￿￿/o h w h SA
r￿r￿￿ @ e@W zkhq v￿
￿ Av ￿￿
￿ iru vrph l/
dqg s￿+v￿,@W zkhq v￿
￿ ?v ￿￿



















E| d sdudooho dujxphqw/ wklv lv wkh vdph dv ￿W+v,1



































￿D5ii ￿￿@T|ih Sc wi44@ ￿￿￿( @?_ @*tL tii vL￿?} E￿bb￿￿ uLh |￿i @_@T|@|￿L? |L _￿tUhi|i ThLUittit￿
￿S￿L|i |￿@|c t￿?Ui r
￿ @?_ r
￿￿ @hi @_￿@Ui?|c |￿i? ￿
A
r3cr33 ￿’f ￿
￿.‘i |@!i A ￿￿}￿ i?L￿}￿ t￿U￿ |￿@| @** ULi￿U￿i?|t Lu |￿i |h@?t￿|￿L? 4@|h￿  h ￿ @hi Mi|￿ii? f @?_ ￿￿
64zkhuh e S lv vhw dv iroorzv1 Iru dgmdfhqw v￿ dqg v￿￿ +ohwwlqj l eh wkh djhqw iru zkrp v￿
￿ 9@ v￿￿
￿,/ e Sr￿r￿￿ @ e
zkhq v￿
￿ Av ￿￿
￿/d q g e Sr￿r￿￿ @ s￿+v￿, zkhq v￿
￿ ?v ￿￿
￿/￿H dqg e Sr￿r￿￿ @ 3 iru qrq0dgmdfhqw v￿ dqg v￿￿1
Wkh surri ri wkh fodlp lv wkhq hvwdeolvkhg yld wkh iroorzlqj vwhsv1
Vwhs 4= ￿W lv dvvrfldwhg1
Vwhs 5= ￿W lv vwurqjo| dvvrfldwhg1
Surri ri Vwhs 4= Zh vkrz wkdw iru dq| W dqg dq| dvvrfldwhg ￿/ ￿S
A lv dvvrfldwhg1 Iurp wklv/
lw iroorzv wkdw li zh vwduw iurp dq dvvrfldwhg ￿f dw wlph 3 +vd| dq lqghshqghqw glvwulexwlrq,/ wkhq
￿f+S
A,& lv dvvrfldwhg iru dq| n1 Vlqfh ￿A @o l p & ￿f+S
A,& iru dq| ￿f +dv ￿A lv wkh vwhdg|0vwdwh
glvwulexwlrq,/ dqg dvvrfldwlrq lv suhvhuyhg xqghu +zhdn, frqyhujhqfh/￿b wklv lpsolhv wkdw ￿A lv
dvvrfldwhg iru doo W1 Wkhq djdlq/ vlqfh dvvrfldwlrq lv suhvhuyhg xqghu +zhdn, frqyhujhqfh/ wklv
lpsolhv wkdw olpA ￿A @ ￿W lv dvvrfldwhg1
Vr/ ohw xv qrz vkrz wkdw iru dq| W dqg dq| dvvrfldwhg ￿/ ￿ @ ￿S
A lv dvvrfldwhg1 E| Ohppd 9/
zh qhhg wr vkrz wkdw
￿+HH￿, ￿ ￿+H,￿+H￿, ￿ 3 +7,
iru dq| H dqg H￿ lq H1 Zulwh




















Vxevwlwxwlqj lqwr wkh suhylrxv h{suhvvlrq zh ￿qg wkdw



































duh qrq0ghfuhdvlqj ixqfwlrqv ri v1 Wkxv/ vlqfh ￿ lv dvvrfldwhg/ lw
iroorzv iurp +8, wkdw

























@3+e| wkh gh￿qlwlrq ri ￿,/ wkh deryh lqhtxdolw| lpsolhv +7,1
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65S u r r ir iV w h s5 =Zh kdyh douhdg| hvwdeolvkhg dvvrfldwlrq1 Wkxv/ zh qhhg wr hvwdeolvk wkdw iru
dq| i dqg j wkdw duh lqfuhdvlqj lq vrph v￿ dqg v￿ uhvshfwlyho|/ zkhuh l dqg m duh sdwk0frqqhfwhg/
Fry>W+i>j, A 3=
E| Ohppd : lw vx￿fhv wr yhuli| wkdw
Fry>W+V￿>V ￿, A 3































A kdv gldjrqdo hqwulhv S
A
rr z k l f kw h q gw r4d vW $4zkloh rwkhu hqwulhv whqg wr
31 Wkxv/ zh xvh d forvho| dvvrfldwhg pdwul{/ zklfk kdv wkh vdph vwhdg|0vwdwh glvwulexwlrq/ exw iru












r￿￿ li v￿ @ v1
Rqh fdq gluhfwo| fkhfn wkdw wkh xqltxh vwhdg| vwdwh glvwulexwlrq ri SA lv wkh vdph dv wkdw ri S
A/















Qrwh dovr wkdw wudqvlwlrqv duh vwloo lqghshqghqw xqghu SA1 Wklv lpsolhv wkdw vwduwlqj iurp dq| v/
wkh glvwulexwlrq SA






















r￿ frqyhujhv wr h Sr￿/ zkhuh h Sr￿ lv wkh uhvfdohg yhuvlrq ri e S +gh￿qhg deryh,/
h Srr￿ @
+
W e Sr￿ li v 9@ v￿
4 ￿
S















66Wkxv/ wr frpsohwh wkh surri/ lw vx￿fhv wr vkrz wkdw
[
r






￿W+v￿, h Sr￿￿= +9,
Ylhzlqj h Sr￿ dv d ixqfwlrq ri v/ wklv lv htxlydohqw wr vkrzlqj wkdw Fry+ h Sr￿> h Sr￿, A 31 Iurp Vwhs 4
zh nqrz wkdw ￿W lv dvvrfldwhg1 Zh dovr nqrz wkdw h Sr￿ dqg h Sr￿ duh erwk qrq0ghfuhdvlqj ixqfwlrqv
ri v1
Iluvw ohw xv frqvlghu wkh fdvh zkhuh j￿￿ @4 1 e￿ Zh nqrz wkdw h Sr￿ lv lqfuhdvlqj lq v￿/ dqg dovr
wkdw h Sr￿ lv lqfuhdvlqj lq v￿ iru j￿￿ @ 41 Vlploduo|/ h Sr￿ lv lqfuhdvlqj lq v￿1 +9, wkhq iroorzv iurp
Ohppd : +zkhuh zh dsso| lw wr wkh fdvh zkhuh V￿ @ V￿,/ dv erwk h Sr￿ dqg h Sr￿ duh lqfuhdvlqj lq v￿1
Qh{w/ frqvlghu dq| n vxfk wkdw j￿& @ 41 Uhshdwlqj wkh dujxphqw deryh/ vlqfh h Sr￿ lv lqfuhdvlqj v￿
zh dsso| Ohppd : djdlq wr ￿qg wkdw V￿ dqg V& duh srvlwlyho| fruuhodwhg1 Uhshdwlqj wklv dujxphqw
lqgxfwlyho| ohdgv wr wkh frqfoxvlrq wkdw V￿ dqg V& duh srvlwlyho| fruuhodwhg iru dq| l dqg n wkdw duh
sdwk0frqqhfwhg1
Sursrvlwlrq 4 qrz iroorzv iurp Fodlp 5 vlqfh ￿A $ ￿W1
Surri ri Sursrvlwlrq 5= Zh nqrz iurp Fodlp 5 wkdw ￿W lv vwurqjo| dvvrfldwhg1 Wkh uhvxow wkhq
iroorzv e| lqgxfwlrq xvlqj Ohppd </ dqg wkhq wdnlqj d odujh hqrxjk W vr wkdw ￿A lv forvh hqrxjk
wr ￿W iru wkh ghvluhg vwulfw lqhtxdolwlhv wr krog1
Surri ri Sursrvlwlrq 6= Iru dq| wAw ￿ ￿ 3/ ohw k
|￿c|
￿f eh wkh hyhqw wkdw V￿|￿ @ V￿|￿n￿￿￿￿@ V￿|3￿ @
V￿| @ 31 Ohw k
|￿c|






















































































V￿c|n￿ @3 >k f|
￿￿
￿
Iurp wkh wzr deryh htxdwlrqv/ zh uhzulwh +;, dv
S
￿

























V￿c|n￿ @3 >k f|
￿￿
￿= +<,
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67Uhduudqjlqj whupv/ +<, lv htxlydohqw wr
S
￿



















Iru dq| ￿/o h wH￿
￿f eh wkh vhw ri v￿ vxfk wkdw v￿￿ @ 3 dqg H￿
￿￿ eh wkh vhw ri v￿ vxfk wkdw v￿￿ @4 1
Ohwwlqj ￿W eh wkh olplwlqj vwhdg|0vwdwh glvwulexwlrq/ Zh glylgh hdfk vlgh ri wkh deryh lqhtxdolw|
e| ￿W+Hf
￿f,￿W+Hf
￿￿,w rr e w d l q
S
￿




























Wkxv/ wr hvwdeolvk +:, lw lv hqrxjk wr vkrz wkdw
S
￿























































Zklfk zh uhzulwh dv
S
￿





































Qrwh wkdw e| Sursrvlwlrq 4/ ￿W+vfmHf
￿￿, vwulfwo| grplqdwhv ￿W+vfmHf
￿f, +zlwk vrph vwulfw lqhtxdo0
lwlhv vlqfh l lv frqqhfwhg wr dw ohdvw rqh rwkhu djhqw,1 Wkhq/ e| wkh deryh htxdwlrqv/ dqg Ohppd <
dssolhg lwhudwlyho|/e2 zh ghulyh wkh ghvluhg frqfoxvlrq wkdw +43, lv vdwlv￿hg1
Surri ri Sursrvlwlrq 7= Ohw g￿ 5i 3>4j1 D yhfwru ri ghflvlrqv g lv dq htxloleulxp li iru hdfk






￿V￿| mVf @ v>g3￿
&
￿ f￿>
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68dqg g￿ @ 3 lpsolhv wkh uhyhuvh lqhtxdolw|1 Wkh pd{lpdo htxloleulxp fruuhvsrqglqj wr d vwduwlqj
vwdwh Vf @ v lv ghqrwhg gW+v,1 Ohw v ￿ v￿ dqg g 5i 3>4j
?1 Zh ￿uvw vkrz wkdw iru dq| W
HA ￿
i+V|,
￿ ￿Vf @ v￿>g
￿
￿ HA ^i+V|,mVf @ v>g‘=
Ohppd ; lpsolhv wkdw dq| W0shulrg vxeglylvlrq dqg iru hyhu| qrq0ghfuhdvlqj i/
HA ￿
i+V￿,
￿ ￿Vf @ v￿>g
￿
￿ HA ^i+V￿,mVf @ v>g‘=
Ohppd < dqg d vlpsoh lqgxfwlrq dujxphqw wkhq hvwdeolvk wkh lqhtxdolw| iru doo w ￿ 41 Wkh lqhtxdolw|
lv vwulfw zkhqhyhu i lv lqfuhdvlqj dqg v￿ Av 1 Qh{w/ ohw g ￿ g￿1 Iru d ￿qh hqrxjk W0shulrg vxeglylvlrq
dqg iru hyhu| qrq0ghfuhdvlqj i/ jlyhq wkdw gurs0rxwv kdyh ydoxh }hur lw iroorzv wkdw
HA ￿
i+V￿,
￿ ￿Vf @ v>g￿￿
￿ HA ^i+V￿,mVf @ v>g‘
Dv ehiruh/ wkh lqhtxdolw| h{whqgv wr doo w ￿ 4 e| lqgxfwlrq1 Djdlq/ i lqfuhdvlqj dqg g￿ Aglpso| d
vwulfw lqhtxdolw|1 Frpelqlqj wkhvh revhuydwlrqv/ zh ￿qg wkdw iru dq| W zkhq v￿ ￿ v dqg g￿ ￿ g
HA ￿
i+V|,
￿ ￿Vf @ v￿>g ￿￿
￿ HA ^i+V|,mVf @ v>g‘ +45,
Frqvlghu wkh pd{lpdo htxloleulxp gW+v,1E |+45,/ iru dq| W dqg doo w
HA ￿
V￿|
￿ ￿Vf @ v￿>g W+v,
￿













￿HA ^V￿| mVf @ v>gW+v,‘












￿HA ^V￿|mVf @ v>gW+v,‘￿ f￿






￿ ￿Vf @ v￿>g ￿￿
￿ f￿= +46,
Vhw g￿
￿ @ gW+v,￿ iru dq| l vxfk wkdw gW+v,￿ @ 41 Il{lqj g￿ iru vxfk l*v/ ￿qg d pd{lpdo htxloleulxp dw
z￿ iru wkh uhpdlqlqj l*v/ dqg vhw g￿ dffruglqjo|1 E| +46,/ lw iroorzv wkdw g￿ lv dq htxloleulxp zkhq
frqvlghulqj doo djhqwv1 Lw iroorzv wkdw g￿ ￿ gW+v,1 Jlyhq wkh gh￿qlwlrq ri pd{lpdo htxloleulxp/ lw
wkhq iroorzv wkdw gW+v￿, ￿ g￿ ￿ gW+v,1
69